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This paper presents a relational geometric modelddational geometry. A geometric object in atinal
geometric model is represented based on its geizmelationship to other geometric objects and is
unilaterally dependent on these objects. Throughutiilateral dependency among the geometric objects
local dimensional changes can be propagated tetiode model easily so that the consistency of the
geometric model is maintained. A new concept cdlgelconstraint is introduced to deal with the situation
of cyclic dependency among the geometric objegtsuding late constraints the number of constraint
equations which have to be solved simultaneousiybeareduced to a minimum by the user.
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1. INTRODUCTION

Automated variation of design models is an impdrfanction of CAD systems nowadays. Many approaches
have been presented which meet this requiremedéealing with the variation of the geometric
model[1,3,5,6,7,8,9,11,12,13]. In these approaahetsic relationships between pairs of geometriectsj (also
called dimensions) are treated as geometric contrd8y manipulating the geometric constraintsftiilwing
tasks can be performed:

1) to generate a geometric model automatically wddficient geometric constraints and informaticoat
topological descriptions of and geometric relatiips among geometric objects are given;

2) to maintain the consistency of the geometriciel, when one or more dimensions of the modet hav
changed.

Obviously, not only metric but also geometric rielaships among geometric objects have to be coresides
indispensable parts of the geometric model if #eations of the geometries are dealt with. We ttein
geometric constraints of the geometric models.

There are two popular methods of approaching vanat geometry. One is to translate each constiaiatan
equation and then to solve a system of equatiorigedefrom a model simultaneously. The unknowngin
equations are coordinates of the characteristictpaif the model[6,7,12]. Another way is to usergetsic
reasoning mechanism in which the dimensions andchge@ relationships are defined as either factulas
and represented in the form of Prolog-clauses[11,3]3These facts or rules are used to do theénfars on the
symbolic level to maintain the consistency of thedel. These two methods have a common character:
geometric constraints are defined and exist seg@dfadm the geometric model and are used to cotiteol
behaviour of the model.

In this paper another method in the variationalhgety is presented. The character of this methéad ésnbed
the geometric constraints and their maintenancegsses in the geometric models. In most casegmejgc
model constructed with this method can remain best by itself through holding the validities bét
geometric constraints when some of the dimensiame khanged. This is realized by defining each g#een
object as a product of its relationships to othesrgetric objects. Any changes in the related objetan object
causes also a change in this object through théarships among them so that the relationshipsistariable.
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Section 2 discusses the relationships among thmetec objects and how the geometric objects are
represented; section 3 discusses the issues ofeggomodelling; in section 4 the maintenance ef th
consistency of the geometric model are discusstion 5 is a case study to show how to constreichrgetric
models with our method; section 6 introduces thglémentation of a CAD system.

2. THE GEOMETRIC OBJECTS

2.1 What is a geometric object

Following objects are defined as geometric objects:

« Value (dimension)e.g. coordinate, length, distance, radius or angle.
* Point,

* Line,

» Circle, and

e Arc.

In the following discussion we shorten geometrifeobtoobject.

2.2 The relationships among geometric objects

There are various kinds of geometric relationship®ng geometric objects. The following geometric
relationships are dealt with in our approach:

1) Structural relationship
This is a ‘composed-of’ relationship between geoim@bjects according to the normal concept of
geometryj.e. an object is a component of another object. Farmpte, the centre point and radius are
components of the circle.

2) Dimensional relationship
This is a numerical relationship among the dimemsi¢-or example, the radius of a circle is theadict
between the two existing points or the length oéxisting line.

3) Positional relationship
This is a spatial relationship among the objec®-@imensional space. There are some standardquadit
relationships: tangency, parallelism, perpendidylasymmetry, relative location and intersection.

These three kinds of geometric relationships ctuskogical dependenciesamong the geometric objects.
Structural relationship always causeslateral dependency, i.e. an object is dependent on the other objects
involved in the structural relationships. For exéenpa circle is dependent on two other objectstregmoint and
radius. Dimensional relationship also brings abbesides unilateral dependenbilateral dependency among
the objectsi.e. two objects involved in a dimensional relationsinfuence each other. For example, if the
radius of a circle is equal to the length of a lifiey depend on each other. Positional relatignshuses mainly
bilateral dependency among objects. But sometitredsa brings about unilateral dependency. For gianan
intersection point is dependent on the objects wihitersect at this point.

2.3 Modeling the geometric objects and geometric relationships

How to model all kinds of geometric objects andmgetsic relationships is the basic issue of varislo
geometry. The crucial point is how to record artesent the geometric relationships. Conventioppi@aches
represent geometric objects and geometric reldtipaseparately. Geometric relationships are reptesd as
equations or rules outside the geometric model ivare then used to control the behaviour of theehod

Our approach tries another way. We represent gemnogijects and relationships in an integrated fodm
geometric relationship among a group of geometjeas is represented as unilateral dependencyeftain
object in the group on the other objects of thaigrstrictly speaking, we represent a geometraticiship
through the fact that the geometric data of a oedhject involved in this relationship is evaluhten the basis



of the data of other objects involved in the samengetric relationship and the property of thistieteship. In
other words, we represent a geometric relationafigrevaluating oper ation.

Structural relationship can be direcly represemtitd this method because one object involved itractural
relationship is definitely unilaterally dependentather objects. For example, the structural retesthip
between a circle, its centre and radius can besepied by the fact that the data of centre poidtradius are
the geometric data of this circle. Dimensional poditional relationship cannot be represented tijredgth this
method because they mainly cause bilateral deperetebetween the objects. In order to achieve avoam
form for all types of relationships, we represérarh indirectly with an operation which causes thecfied
relationship during the evaluation. This operastates a kind of unilateral dependency betweesrgsments
and the resulted object, as in structural relatignd=or example, a dimension relationship ,dimen$t1 is
two times as long as the dimensiR2"“ can be represented by an evaluating operatioolwtntains an
calculationR1:=2 * R2; a positional relationship ,a line is tangentwmtcircles” can be represented by an
evaluating operation which contains the proces®topute the end points of the line which are disoténgent
points using the data of the two circles.

As a result of the discussion above, a geometijgcblsan be represented by an evaluating operatiich
evaluates its geometric data on the basis of apgobother geometric objects. Each object thereiore
dependent on some other objects. It can be repsskeither

1) by its componentse.g. a circle is represented by its centre andhitius; or

2) as a mathematical expressi@yg. a dimensiofR1 can be represented as an expres@dnR?2) if R1is
requireed to be double as lang as the dimerRyror

3) as an object whose geometric data is obtainesblwng a set of equations describing how itdsifional
related to other objects,g. a line can be represented by two circles if tinis Is tangent to these circles. see
figure 2.1(a).
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The two tangent points, which determine the pasitibthe line, can be calculated by running a pfiedd
evaluating process which find a solution for thiaation. Figure 2.1(b) shows the dependency wiatiips
among the participated geometric objects. The atfimsvshows the direction of dependency.

There are also geometric objects which do not d&perany other geometric objects. For example @dgion
may be an absolute data. These objects can algpleEsented with our method if we assume thatvhkiating
operations for them are empty.

So far we have set up an unified method to reptegEmetric objects and geometric relationshipg Th
advantage of this method is that the relationshipsembedded in the objects. Because the représarié
geometric objects need geometric relationshipsvareversa we have found an integrated way to mibdel
geometric objects and the geometric relationsiijosv we introduce how the objects are modelled @AD
system.

2.4 THE DEFINITION OF GEOMETRIC OBJECTS



We differentiate at first the types (or classesthefobjects from the objects which appear in gngetric

models. We say that a geometric object in a gedormatdel is an instance of its type (or class). &k the

types (or classesjeometric Modelling Primitives (GM Ps) and discuss the definitions of the geometric object
and relationships on the GMP level.

Five absolute GM Ps are defined. They ar&lue, point, line, circle, andarc. Valueis a numerical dataggoint
is a 2-tuple of numerical data representing a j@wsit the 2D spacdine is defined by two 2-tuples of
numerical data representing the two enitsle is defined by a numerical data representing tbeisaand a 2-
tuple of numerical data representing the cemtrejs defined by three numerical data representiegaldius,
the start- and end- angle, and a 2-tuple of nurakdiata representing the centre. The structuradi absolute
GMP is calledgeometric character of this GMP.

A group ofconditioned GM Ps are also defined. Each conditioned GMP not onl/tha same geometric
character with respect to one of the absolute GM&tsalso the information about how it is constedctThis
information includes:

(a) a computing process which computes the datisiGMP,
(b) one or more GMPs nameapport GMPs on which this GMP is dependent.

The computing process ¢d) corresponds to the evaluating operation in se@idnlt uses the support GMPs in
(b) and the geometric relationship to compute the dathis GMP. For example, a conditioned GMife_20
may contain following information:

(a) procedure to compute the coordinates of twsend

(b) two support GMPs, for example two circles.

The procedure of (a) knows how to compute the doatds so that this GMIhe_20 will be tangent to the
support GMPs if they are circles.

Figure 2.1(a,b) shows how the conditioned GIMié_2o is defined. Figure 2.2 shows the definitions of the
conditioned GMPgointRefandpointPolar.
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Because a certain kind of geometric object can nzevey kinds of geometric relationships with othierds of
geometric objects, there have to be many differgmtesentations for a certain geometric object,tbegpoints
in figure 2.2. Therefore there are a number of GMRe have the same geometric character but difféiads
of support GMPs and geometric relationships withghpport GMPs. We say that this group of GMPsrizeto
a GMP-class. There are five GMP-classes so fagdas the five absolute GMPs. Each conditioned @&
GMP-class is derived from the absolute GMP of @l8P-class which means that this conditioned GMP
inherits the geometric character from the absdBMP of this GMP-class. For example, The pointsrafiin
figure 2.2 belong to the GMP-clagsint and is derived from the absolute GMéint.

Up until now we have only discussed the definitiohthe conditioned GMPs. The dependency of coooktil
GMPs on their support GMPs is confined to acyctipehdency. There is also a kind of GMP which deitts
cyclic dependency. It is used to set extra dimeraicestrictions on conditioned objects. For examijplcould
be used to fix the length of the lihen figure 2.1(a). This kind of constraint is callate constraint because it
is mostly assigned to the objects after they haenlrreated. The late constraints belong to the -Glisk3
value. We call the conditioned object which the latestoaint is assigned tolate-constrained-object. Late-
constrained-objects can only be of type vakug,the length of a line.
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A late constraint causes cyclic dependency amoagéometric objects because as an extra independent
dimensional constraint it influences the originahension of a late-constrainted-object and thetébysupport
objects of it which again determine the originahdnsion. For example, when the length of the llife figure
2.3(a) is fixed, the positions and radii of bottclesC1 andC2 are also restricted. Changing one of them leads
to a irregular value for the length of the linevhich does not agree with the fixed length. Figu@(b)

illustrates the situation of cyclic dependencyotder to maintain the consistency of the late cairsta free
dimension which directly or indirectly supports fage-constrained-object should be selectedrasiataining
variable. A maintaining variable of a late constraint Hae following tasks:

1) When the value of the late constraint has chéigee maintaining variable should also be changetthat
one of the support objects of the late-constraimigigct gets the new data which leads to a consikten
constraint.

2) When the support objects of the late-constramigdct have changed the maintaining variable shbal
changed so that the late constraint remains satisfi

A dimension is no longer free if it is selectedfzs maintaining variable of a late constraint. Fé&ggR.3(b) shows
an example where the coordinatkis selected to be the maintaining variable ifléregth of the lind. is fixed
to be the valud.

3. CONSTRUCTIVE GEOMETRIC MODELLING WITH GMPs

During the process of geometric modeling the GMRgr@ated as types (or classes). Each geomejdctab a
geometric model is an instance of one of the GMIRsabsolute object is an instance of the absolMPGa



conditioned object is an instance of the condittb@P. A geometric model is composed of conditioned
objects, absolute points, absolute values and:tatstraints.

According to the definition, a geometric objectislaterally dependent on some other geometricatdjd his
dependency is acyclic and leads to certain seqeena®nstructing a geometric model. For exampdéoie a
circle is created in a geometric model a point shbave existed in the model which can then be asetie
centre point of the circle. We call this kind of detling processonstructive modelling.

Dimensions are treated as geometric objects anditaetly used in geometric modelling. Dimensional
constraints can be properly assigned with regatddaiser’s intention and are totally involvedhe geometric
models. Under-dimensioning is therefore not possiBlver-dimensioning can only happen when late
constraints are assigned.

It is necessary to use late constraints only whemtodel can not be constructed in sequential drelesiuse of
the circular dependencies in the model. Therefarmdel without circular dependencies is first cansted and
the remaining properties are put into the modahieans of late constraints.

4. MAINTAINING THE CONSISTENCY OF THE GEOMETRIC MODEL

To maintain the consistency of a geometric modednmedo preserve the invariable geometric propeetieshe
geometric relationships or fixed dimensions whemeof the dimensions have changed. This is done by
evaluating the geometric model in our approach &se[4]).

Evaluating a conditioned geometric object mearatoulate its data by running its computing preces
Because of the unilateral dependency of conditiarigects on their support objects, the data ofralitimned
object can only be calculated by using the daitsafupport objects. This calculation is perforrbgdhe
computing process of the conditioned objects. Thoeeeany change in the support objects resulthanging
the conditioned object through its evaluation st the geometric relationship among them staysriana

Evaluating the geometric objects can propagatehhages of dimensions in the geometric models. iShis
enabled through the propagation of computationesingetric objects. The propagation of computatica is
recursive process of running the computing procestehe support objects in each geometric objett those
objects are reached which either have no compptiagesse.g. absolute objects, or which have already been
computed. Through the directed propagation of cdatfmn any changes of the data of an absolute bb#t

be propagated back to those conditioned objectshndnie directly or indirectly supported by it. Tiéghe
propagation of new dimensions. These two propagatiocesses work in opposite directions. Figurésd.1
shows a sample model and figure 4.1(b) shows therdiency relationships among its component obgts
the directions of the two propagation processes.
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The evaluation of a late-constrained-object is noomaplicated then the evaluation of other geometiects
because of the cyclic dependency among the latst@ined object, its late-constraint, and the nadiimg
variable of the late-constraint (see figure 2.3(B)) iterative procedure is needed to find an appate value
for the maintaining variable to satisfy the latesiaint. More then one late constraint can erist model at
the same time and some of them may be relatecctoaber when the maintaining variable of one late
constraint is the support object of another latest@ined-object. The related late constraints lshioel satisfied
simultaneously, which means we have to solve afdgton-linear) constraint equations where the awkms are
the maintaining variables. For each geometric mttgk is one process to satisfy all late condsain
(independent and related) by using Newton-Raphsoative method. When evaluating a geometric mtdsl|
process will not be run until all other objectgtod model have been evaluated.

Because the late constraints are necessary only thieegeometric model can not be constructed inespl
order any more and because they are assigned todthel after the main part of the model has been
sequentially constructed, the number of the coimgtemuations which have to be solved simultangoceh be
reduced by the user.

Late constraints can also be used to intentiortignge the data of conditioned objeetg, to move the circle
C2 of figure 4.1(a) to an intended new position bgrging two absolute valued andY1 of figure 4.1(b). In

this case, the new position of the cir€2 can be seen as a temporary late constraint. EeevairiableX1 and

Y1 are then temporary maintaining variables of it.

5. CASE STUDY

Some examples are presented in this section to Bbanthe geometric models are constructed and hew t
geometric constraints are managed in our approach.

The first example is to construct a triangle whibsee sides have definite lengths respectivelyhasa in
figure 5.1(a).
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One possible construction is to use auxiliary escln the modeR1 is defined as a free poif2 is defined as
a polar point whose origin Rl and the distance between therdisThe angle is fre?3 is defined as an
intersection point of two auxiliary circlé€sl andC2 which take the pointB1 andP2 as centre point and value
d3 andd2 as radius respectively. Figure 5.1(b) BAG illustrating how the points of the triangle are
constructed.

This example demonstrats that with the help oflauryiobjects the late-constraints can be avoidiéhl aur
constructive modelling methode. we can construct some complicated geometric madéi®ut having to
solve an equation system.

There is also another possible construction in twvhitate constraint is used. Figure 5.1© shows th@apoints
of the triangle are constructed. In the mo&8ljs defined as a free poil andP2 are defined as polar points
with a common origirP3. The distance between the oril8 and the point®1 andP2 ared3 andd2
respectively. The anglegl andw?2 of P1 andP2 are free. We define also an obj¥atof type ‘value2p’ which
is the distance betweéi andP2. A late constraintll, marked with a square in the picture, is assigodtis
object which demands that the obj¥thas the valudl. Any of the free valueX3, Y3, wl andw2 can be
selected as maintaining variable of the late cairstdl.

The second example is to construct a structure shiofigure 5.3(a) where a box is placed in a semenle.
One corner of the box touches the bottom of the tasiother corner of it touches one side of the hoH one
side of it lies on the edge of the hole. All thgealts are fully constrained.
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First we assume that the lib&, the pointP3 and the distancél are known. We select a poiat on the bottom
line so that the poirfe2 can then be defined as an intersction poiritlofind the auxiliary circl€ which has the
centre poinP1 and the radiudl. Then we define the valwel as the angle of the point-pg&i1,P2) and the
valuew? as the angle of the point-p&i1,P3). At last we define a valu/ of type ‘expression’ which is the
difference betweewl andw2. Now we assign a late constraint ‘90’ to the vaievhich means that the value
W must have the data ‘90’. We select then the x-dinateX1 of the pointP1 as the maintaining variable of this
late constraint. There is therefore one extra éguat the model. During solving this equatixh is varied so
thatW reaches the value ‘90'". Figure 5.3(b) shows haavpbints and values are constructed. The objedtedar
with a square is the late constraint and the obyerked with a circle is the maintaining variable.

The model in this example cannot be completely waoted without late constraint. This example shdved

1) late constraints are necessary and can bentedrated in the constructive modelling procesd; an



2) the combination of constructive modelling an leonstraints can reduce the number of the equsatidich

have to be solved simulaneously.

6. OBJECT-ORIENTED IMPLEMENTATION OF A CAD SYSTEM

A 2D CAD sytem—RelCAD Relational CAD) has been implemented based on the concepts ségtirsthis
paper, using object-oriented programming technidaks® see [4] and [10]). All the GMPs are impleteeas
classes. There is a system-wide superclass definengommon properties and operations for all othesses.
The classes of conditioned objects are definedilaslasses of the classes of absolute objects.d~gydrshows
the class hierarchy. Due to the diagram size, soiye of the classes of conditioned objects arespted.
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An example of class definition, written in Turbosial 5.5, is shown below:

line = object(item)
x1,y1,x2,y2:real;

constructor init(xx1,yy1,xx2,yy2:real);
procedure compute(kind:tvalkind);virtual;

end,;

line_2o0 = object(line)
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alter:integer;

constructor init(ial,ia2:anyptr;ialter:integer);
function al : anyptr;

function a2 : anyptr;

procedure compute(kind:tvalkind);virtual;

end;
procedure line_20.compute;

var
new_x1,new_yl,new_x2,new_y2 :real;

begin
if al is not computed then al.compute;
if a2 is not computed then a2.compute;

End_Coor(al,a2,new_x1,new_yl,new_x2,new_y2,alter);
x1:= new_x1;

yl:=new_yl;
X2:= new_x2;
y2:= new_yz2;
end,

The classineis an absoulte GMP and is defined by the geomeltdcacter of the line, namely, four numerical
datax1, y1, x2, y2 which are used as coordinates of the two endsfdrieionsal anda2 in clasdine 2o return
two support GMPs. The proceddcempute uses the two support GMPs returrfeaim the functionsalanda2
to compute the data of its geometric characterritétefrom its supercladme. The Information about the
geometric relationships amotige_20 and its support GMPs are directly used in the guaceEnd_Coor The
attributealter is used to index all the possible results of linis.

An interactive user interface has been developadhdilows the user to construct and edit geometadels
and assign late constraints interactively.

7. CONCLUSION

We have introduced a new kind of method to consggometric models. The character of our methad is
define the geometric objects based on the geonretdtionships among them. A geometric objectés th
outcome of its geometric relationships with otheometric objects and is dependent on these objects.
geometric model constructed with such objects fheeecontains the geometric relationships among the
geometric objects. This makes it easier to mairteénconsistency of the geometric models. The géine
constraints (geometric relationships and dimengiares classified into two groups: one for the sedjaé
constructive modelling; the other for the case whemstructive modelling is no longer possibleg(lat
constraints). This classification can help to redtiee number of equations which should be solved
simultaneously to a minimum.
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