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Exercise 5.1: (4 P)
Prove or refute the following statements:

(a) If F is a first-order formula, then F' is valid if and only if F' — L is unsatisfiable.
(b) If F and G are first-order formulae, F' is valid, and F — G is valid, then G is valid.

(¢) If F and G are first-order formulae, F' is satisfiable, and F' — G is satisfiable, then G is
satisfiable.

(d) If F is a first-order formula and = a variable, then F' is unsatisfiable if and only if 3z F
is unsatisfiable.

(e) If F and G are first-order formulae and z is a variable then Vz(F A G) = Vo F AVzG
and Vo F' AVzG = Vo (F A G).

(f) If F and G are first-order formulae and z is a variable then Jz(F A G) = JxF A J2G
and 3z F A 322G |= Jx(F A G).

Exercise 5.2: (3 P)
Let ¥ = (,1II), where Q = {0/0,s/1,4/2} and I =  (i.e. the only predicate symbol is ).
Consider the following formulae in the signature X:

1. i =Vz (x+0~x)

2. Fy=Vz,y (x +s(y) = s(x +y))

3. Fs=Vz,y (r+y~y+x).

Find a Y-structure in which F; and F5 are valid but F3 is not.

Exercise 5.3: (3 P)
What is the clausal normal form of

JxVy (VZ (p(y, Z) Vox = y) - (VZ q(y,z) A ﬂr(x,y)))



Supplementary exercise.

Exercise 5.4: (3 P)
Let F' be a closed first-order formula with equality over a signature ¥ = (€,II). Let ~ ¢ Q
be a new binary relation symbol (written as an infix operator). Let the set Eq(X) contain the
formulas
Vo (z ~ x)
Vo,y(z~y—y~ )
Ve,y,z(x ~yANy~z—x ~ 2)

and for every f/n € Q the formula
v',1'17"'7'1.7L7y17”’7yn(x1 Nyl/\/\wnNyn_)f(x177xn)Nf(yl77yn))

and for every p/n € II the formula

\v/xlv"'axTL)yl)"'ayn(xl Nyl/\"'/\$nNyn/\p(gj17"'aajn) _)p(ylvayn))

Let F be the formula that one obtains from F if every occurrence of the equality symbol ~
is replaced by the relation symbol ~.

(a) Let A be a model of F U Eq(X). Show that the interpretation ~4 of ~ in A is a
congruence relation. (It is enough if you prove one of the properties of congruence
relations, say symmetry; the other properties are proved analogously.)

(b) Let A be a model of FU Eq(X). Use the congruence relation ~4 to construct a model
of F' and prove that it is a model.

(¢) Prove that a formula F is satisfiable if and only if Eq(X) U {F} is satisfiable.

Please submit your solution until Friday, November 18, 2011 at 17:00 by e-mail to
sofronie@uni-koblenz.de with the keyword “Homework DP” in the subject.

Joint solutions prepared by up to two persons are allowed.
Please do not forget to write your name on your solution!



