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Exercise 5.1: (3 P)
Let Σ = {0, s,+}. Consider the following formulae in the signature Σ:

1. F1 = ∀x (x+ 0 ≈ x)

2. F2 = ∀x, y (x+ s(y) ≈ s(x+ y))

3. F3 = ∀x, y (x+ y ≈ y + x).

Find a Σ-structure in which F1 and F2 are valid but F3 is not.

Exercise 5.2: (2 P)
Compute a clausal normal form for the following formula:

∃x∀y (∀z (p(y, z) ∨ ¬x ≈ y) → (∀z q(y, z) ∧ ¬ r(x, y)))

Exercise 5.3: (4 P)
Let Σ = (Ω,Π) with Ω = {b/0, f/1} and Π = {p/1}.

(a) Which is the universe of the Herbrand interpretations over this signature?
If A is a Herbrand interpretation over Σ how are bA and fA defined?

(b) How many different Herbrand interpretations over Σ do exist? Explain briefly.

(c) How many different Herbrand models over Σ does the formula:

p(f(f(b))) ∧ ∀x(p(x) → p(f(x))) (1)

have? Explain briefly.

(d) Every Herbrand model over Σ of (??) is also a model of

∀x p(f(f(x))) (2)

Give an example of an algebra that is a model of (1) but not of (2).



Exercise 5.4: (1 P)
Which of the following formulae is in the Bernays-Schönfinkel class?

(1) ∃y∀x∃z ((p(x) ∨ q(y)) ∧ (p(z) ∨ ¬q(y))

(2) ∀x∃y∀z∃u((p(x) ∨ q(y)) ∧ (q(y) ∨ r(u, x))

(3) ∃y∃z∀x[(p(x) ∨ q(y)) ∧ q(z)]

Supplementary exercise

Exercise 5.5: (4 P)
Let Σ = (Ω,Π) be a signature andX a set of variables. LetA be a Σ-structure and β : X → UA

a variable assignment.

(1) Prove that for every formula F ∈ FΣ(X) and every x ∈ X, the truth values A(β)(∀xF )
and A(β)(∃xF ) do not depend on β(x).

(2) Use (1) to show that if G is a closed formula in FΣ(X), then the truth value of G in A
w.r.t. β, A(β)(G) does not depend on the way β is defined.

(3) Use (2) to prove that Th(Mod(F)) = {G ∈ FΣ(X) closed | F |= G}.

Please submit your solution until Tuesday, November 29, 2022 at 17:00. Joint solutions pre-
pared by up to three persons are allowed. Please do not forget to write your name on your
solution.
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