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tukasiewicz logics

tukasiewicz logics
Lo,n€N  W,={0 -1, -2

PR

Wy, =[0,1]NQ
Wy, = [0, 1]
Logical operations: V, A, =, =

e V — max

e A =min

o - x=1-—x

e x=y=min(l,1—x+y)
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tukasiewicz logics

t ukasiewicz implication x =} y = min(1,1 — x + y)

L
1 2 n—2
= 0 n—1 n—1 n—1
0 1 1 1 1
1 n—2
n—1 n—1 1 1 1
2 n—3 n—?2
n—1 n—1 n—1 1 1
1 2 n—2
1 O n—1 n—1 n—1




tukasiewicz logics

Theorems.

1. Forn,meN, s.it. (m—1)[(n—1), we have
Tautologies(L,) C Tautologies(Lm)

2. Tautologies(Ly,) = Tautologies(Ly, )
3. Tautologies(Ly,) = ({ Tautologies(L,) | n > 2, n € N}



Proofs

Theorem. For n,m € N, s.t. (m—1)|(n—1), we have
Tautologies(L,) C Tautologies(Lnm)

Proof

Assume (m — 1)|(n —1). Then W, C W,. Assume F € Tautologies(L).
Then F evaluates to 1 under every valuation into W, hence also under

every valuation into Wy,, so F € Tautologies(L)



Proofs

Theorem. For n,m € N, s.t. (m—1)|(n—1), we have
Tautologies(L,) C Tautologies(Lnm)

Remark: the converse also holds

If Tautologies(L,) C Tautologies(Ln,) then (m — 1)|(n — 1).

(This will be discussed in the next exercise session.)



Proofs

Theorem.
Tautologies(Ly,) = Tautologies(Lxy, )

Proof.
" D" :Since [0,1] N Q C [0, 1], it is clear that
Tautologies(Ly, ) € Tautologies(Lxy,)



Proofs

Theorem.
Tautologies(Ly,) = Tautologies(Lxy, )

Proof.
" C" :Let F € Tautologies(Ly,). Then for every assignment of values in [0,1] N Q
to the propositional variables {P1, ..., P,} of F evaluates to 1.

We can associate a function f¢ : [0, 1]" — [0, 1] with F which is defined as follows:
For all (x1,...,x,) €[0,1]" let A: {P4,...,P,} — [0, 1] be defined by A(P;) = x;.
We define fe(xy, ..., x,) := A(F)

It can be proved by structural induction that f¢ is a continuous function.
Let (a1,...,an) € [0, 1]". It is now sufficient to choose sequences of rational numbers

converging to ai, ..., a, respectively. fg(ai, ..., a,) is the limit of the sequence

defined this way, hence its value is 1.



Proofs

Tautologies(Ly,) = (){ Tautologies(L,) | n > 2,n € N}

Proof.

" C" : Follows from the fact that W, C [0, 1] N Q for every n € N.



Proofs

Tautologies(Ly,) = (){ Tautologies(L,) | n > 2,n € N}

Proof. " D"

Let F be a formula with prop. variables {Pi, ..., Pc} s.t. F ¢ Tautologies(Lxy, ).
Then there exists A : {P1,..., P} — [0,1] N Q s.t. A(F) # 1.

Assume that A(P;) = Z—i, L A(Pr) = Z—’;

Let m = lcm(p1, ..., px). Then it is easy to see that A(P;) € Wy,41 forall 1 < i < k.
We thus constructed a valuation A : {P1,..., Pk} — W, such that A(F) # 1.

Hence, F & Tautologies(L,), so

F & ﬂ{TautoIogies(ﬁn) | n>2,n€e N}
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“Fuzzy” logics

W =0, 1]

Question: How to define conjunction?

Answer: Desired conditions

f :[0,1]? — [0, 1] such that:
e f associative and commutative
o forall 0 <A< B<landall0< C<1wehave f(A C)<f(B,C)
o forall 0 < C <1 wehave f(C,1) =C.

Definition A function with the properties above is called a t-norm.
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Examples of t-norms

Godel t-norm fc(x,y) = min(x, y)
Lukasiewicz t-norm  fi (x,y) = max(0,x +y — 1)
Product t-norm fp(x,y)=x-y
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Left-continuous t-norm

Definition. A t-norm f is left-continuous if for every x,y € [0, 1] and
every sequence {xp}neny with 0 < x, < x and limp— c0Xn = x we have

Iimn—>oo f(Xn,)/) — f(X’.y)
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Left-continuous t-norm

Definition. A t-norm f is left-continuous if for every x,y € [0, 1] and
every sequence {xp}neny with 0 < x, < x and limp— c0Xn = x we have

Iimn—>oo f(Xn,)/) — f(X’.y)

The following t-norms are left continuous:

Godel t-norm fc(x,y) = min(x, y)
Lukasiewicz t-norm  fi (x,y) = max(0,x +y — 1)
Product t-norm fp(x,y) =x-y
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Left continuous t-norms

With every left continuous t-norm f we can associate the following
operations:

o xory=f(x,y)
o x=>ry=max{z | f(x,z) <y}

) —le:X:>f0

Remark: Left continuity ensures that max{z | f(x, z) < y} exists.

Validity: D = {1}
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Left continuous t-norms

With every left continuous t-norm f we can associate the following
operations:

o xory=f(x,y)
o x=>ry=max{z | f(x,z) <y}

o '+ x=x=¢0

tukasiewicz t-norm
xop y =max(0,x+y — 1)
x@p y=1-—max(0,1—x—y)
x=ry=min(l,1—x+y)

—x =min(1l,1 —x) =1—x
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Left continuous t-norms

With every left continuous t-norm f we can associate the following
operations:

o xory=f(x,y)
o x=>ry=max{z | f(x,z) <y}

o '+ x=x=¢0

tukasiewicz t-norm
xop y =max(0,x+y — 1) XNp y=xo0p (x=y)
x@py=1—-max(0,1—=x—y) xVpy=-3(p4x)AL (y))
x=ry=min(l,1 — x+y)

—x =min(1l,1 —x) =1—x
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Left continuous t-norms

With every left continuous t-norm f we can associate the following
operations:

o xory=f(x,y)
e x®ry=1—f(1—x,1—y)
o x=>ry=max{z| f(x,z) <y}
o ' x=x=¢0

Godel t-norm

x og y = min(x, y)

x D y = max(x, y)

1 if x <
x=>cy=max{z | xNz<y}= nr=Y
y if x >y
1 if x =0
—gx =max{z | xNz=0) =
0 ifx>0
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