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Until now

e Many-valued logic (finitely-valued; infinitely-valued)

History and Motivation
Syntax
Semantics

Functional completeness

Automated reasoning: Tableaux



Automated reasoning

Classical logic:
Task: prove that F is valid
Method: prove that —F is unsatisfiable:
— assume —F: derive a contradiction.

Many-valued logic:
Task: prove that F is valid
(i.e. A(B)(F) € D for all A, )
Method: prove that it is not possible that A(B) € M\D:

— assume F € M\ D; derive a contradiction.

Problem: How do we express the fact that F € M\D

1) VVE/\/I\D(F — V)

2) more economical notation?



Automated reasoning

Idea: Use signed formulae

e [V, where F is a formulaandve M
A, 6= FYiff A(B)(F)=v.

e S:F, where F is a formula and
0D #S C M (set of truth values)
A, B = S:Fiff A(B)(F)e€S.



Semantic tableaux

For every ) # S C M and every logical operator f we have a
tableau rule:

S:f(Fy,..., F.)
T(F, ..., F.)
where T(Aq, ..., A,) is a finite extended tableau containing only

formulae of the form S;:F;.

Informally: Exhaustive list of conditions which ensure that the
value of f(Fy,..., F,)isin S.



Example

Let t5 be the 5-valued tukasiewicz logic with M = {0,1,2,3,4}.

= O|1 12|34
0 414|444
1 314|444
2 213|444
3 123|444
4 0|1(2]|3]4
{4}(p = q)
{0}p | {0,1}p {0,1,2}p | {0,1,2,3}p
{1,2,3,4}q | {2,3,4}q | {3,4}q {4}q




Labelling sets

Let V C P(M) be the set of all sets of truth values which are used for
labelling the formulae.

Remarks:

1. In general not all subsets of truth values are used, so V # P(M).

2. Proof by contradiction:
Goal: Prove that F is valid, i.e. A(B)(F) € D.
We start from (M\D):F and build the tableau
= We assume that (M\D) € V.

3. Need to make sure that the new signs introduced by the tableau rules

are in V.



Tableau rules: Soundness

S:f(Fq,..., Fnr)
T(F,..., Fr)
where T(F1, ..., Fr) is a finite extended tableau containing only formulae
of the form S;:F;.
S:f(Fq,..., Fnr)
S11:C11 So1:Cr1 . Sq1:Ca1
Slkl :Clkl S2k2:C2k2 qu/:qu/

where C;; € {Fq, ..., Fn}



Tableau rules: Soundness

S:f(Fq,..., Fnr)
T(F]_ ..... Fn)
where T(F1, ..., Fr) is a finite extended tableau containing only formulae
of the form S;:F;.
S:f(Fq,..., Fnr)
S11:Cq1 S>1:Cr1 - 5q1:Cq1
Slkl :Clkl 52k23C2k2 qu/:qu/

where C;; € {F1,..., Fn}

For every A, 3: A(B)(F) € S then there exists i such that for all j:



Tableau rules: Soundness

S:f(F1,...,Fpn)
S11:Cq1 S51:Co1 . Sq1:Ca1
Slkl :Clkl 52k2 . C2k2 qu/ : qu/
where C;; € {F1,..., Fn}
Every model of S:f(F1,..., Fn) is also a model of the formulae on one of

the branches

If there is no expansion rule for a premise: premise is unsatisfiable

(A(B)(F) € S for all A, p).

If £(Fy,.

.., Fp) satisfiable then there is an expansion rule.
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L3: Tableau rules for A

{1}AANB {u}AANB

{0}AAB

{u,0}ANB

{1}A {u}A | {u}B ‘ {u}A
{1}B {1}B [{1}JA[{u}B

{0}A|{0}B

{u,0}A|{u,0}B
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L3: Tableau rules for Vv

{1}AV B {u}AV B {0}AV B
{1}A{1}B  {u,0}A {u}A {0} A
{u}B {u,0}B {0}B
{u,0}AV B
{u,0}A

{u,0}B
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L3: Tableau rules for —, ~

{1}~ A 10} ~ A {uf ~ A {u,0} ~ A
{u,0}A {11A 114
{1}-A 10}-A {u}-A {u,0}-A

10JA {1}A Lu}tA {1} A|{u}A



L3: Tableau rules for D

{1}AD B {0JA>B  {u}A>B  {u0}ADB
{u, 0}A|{1}B {1}1A {1}1A {1}1A
{0}B (u)}B {u,0}B

14



L3: Tableau rules for -

{1}3xA(x) {0}3xA(x) {u}3xA(x)

{u, 0}3xA(x)

where

,,,,, Yk)) {0}A(z) {ubA(F(ye, - - yi))
{u, 0}A(2)

® ~ is a new free variable

® yi,...,

yk are the free variables in IxA(x)

e f is a new function symbol

{u, 0}A(2)
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L3: Tableau rules for V

{1}VxA(x) {0}VxA(x) {u}VxA(x) {u, 0}VxA(x)

{1}A(z)  {0JA(F(y1 - oy AudA(F(y - i) {u 0FA(F (v, - -0 yi)
{u, 1}A(z)

where

® z is a new free variable
® Vi,..., yk are the free variables in VxA(x)

e f is a new function symbol
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Tableaux

A tableau for a finite set For of sighed formulae is constructed as follows:
e A linear tree, in which each formula in For occurs once is a tableau.
e Let T be a tableau for For und P a path in T, which contains a signed
formula S:F.

Assume that there exists a tableau rule with premise S:F. If

Ei, ..., E, are the possible conclusions of the tableau rule (under the
corresponding restrictions in case of quantified formulae) then T is
exteded with n linear subtrees containing the signed formulae from E;
(respectively), in arbitrary order.

The tree obtained this way is again a tableau for For.
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Closed Tableaux

A path P in a tableau T is closed if:

e P contains complementary formulae, i.e. there exists a substitution
o and there exists signed formulae S1:Fq, ..., Sk:Fx occurring of the
branch such that:

- FLo=---=Fho

- S N---NS,=0, or

e P contains a signed formula S:F for which no expansion rule can be
applied and F is not atomic.

A path which is not closed is called open.
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Closed Tableaux

A path P in a tableau T is closed if:

e P contains complementary formulae, i.e. there exists a substitution
o and there exists signed formulae S1:Fq, ..., Sk:Fx occurring of the
branch such that:

- FLo=---=Fho

- S N---NS,=0, or

e P contains a signed formula S:F for which no expansion rule can be
applied and F is not atomic.

A path which is not closed is called open.
A tableau is closed if every path can be closed with the same substitution.

Otherwise the tableau is called open.
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Soundness and completeness

Given an signature ¥, by ¥5%° we denote the result of adding infinitely many
new Skolem function symbols which we may use in the rules for quantifiers.

Let A be a ZSko—interpretation, T a tableau, and (3 a variable assignment

over A.

T is called (A, B)-valid, if there is a path Pz in T such that A, 3 = F, for
each formula F on Pg.

T is called satisfiable if there exists a structure A such that for each
assighment ( the tableau T is (A, §)-valid.
(This implies that we may choose P3 depending on (3.)
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Soundness

Theorem (Soundness of the tableau calculus for £3)
Let F be a £3-formula without free variables. If there exists a closed tableau
T for {u,0}F, then F is an L3-tautology (it is valid).

Proof: Let T be a tableau for F. The following are equivalent:
(1) F is satisfiable

(2) T is satisfiable (i.e. there exists a X-structure A such that for each
assignment (3 there is a path Pg in T such that A, 8 = F, for each
formula F on Pg.

(2) = (1) is obvious.

(1) = (2) can be proved by induction on the structure of the tableau T.
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Refutational completeness

Theorem (Refutational completeness)
Let F be a L3-tautology. Then we can construct a closed tableau for

{u,0}F. (The order in which we apply the expansion rules is not important).

Proof (ldea): Assume that we cannot construct a closed tableau. If we can construct
a finite tableau which is not closed, from the previous result we know that F is clearly

satisfiable.

Otherwise, as in the proof for classical logic, we define a fair tableau expansion process
which “converges’ towards an infinite tableau T. We analyze all non-closed paths of
T (on which the “~"-rules are applied an infinite number of times); we show that for
every such path we can order the formula on such path according to a certain ordering
and incrementally construct a model for the formulae on that path. This model will

then be a model of the formula F.

(The argument can be used for every non-classical logic.)
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Resolution

Goal:
Extend the resolution rule such that it takes into account sets of truth

values.
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Resolution

Classical logic:
Task: prove that F is valid
Method: prove that —F is unsatisfiable:
— assume —F: derive a contradiction.

Many-valued logic:
Task: prove that F is valid
(i.,e. A(B)(F) € D for all A, pg3)
Method: prove that it is not possible that A(8) € M\D:

— assume F € M\D; derive a contradiction.

FV: abbreviation for {v}:F.
S:F=V\,sF"
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Resolution

Natural generalization of the resolution rule:

Signed resolution

LPvC L2V D

(CV D)o
if vi # v, and 0 = mgu(Ly, Lo)
Signed factoring
CVvL{vVvLy
(CV LY)o

if o = mgu(Ll, L2)
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Example: Classical propositional logic

F: (PVQ)AN((-PAQ)VR)
Pl Q|R|((PVQ) | -P|(—PAQ)| (m-PANQR)VR)|F
O] 0{O0 0 1 0 0 0
0] 0 1 0 1 0 1 0
0 1 0 1 1 1 1 1
0 1 1 1 1 1 1 1
11070 1 0 0 0 0
1 0 1 1 0 0 1 1
1 110 1 0 0 0 0
1 1 1 1 0 0 1 1
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Example: Classical propositional logic

F: (PVQ)AN((-PAQ)VR)
Pl Q|R|((PVQ) | -P|(—PAQ)| (m-PANQR)VR)|F
olo]o 0 1 0 0 0
0olo]|1 0 1 0 1 0
ol 1]o0 1 1 1 1 1
o 1]1 1 1 1 1 1
1] 0o 1 0 0 0 0
1101 1 0 0 1 1
1] 1] o0 1 0 0 0 0
1] 1] 1 1 0 0 1 1
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Example: Classical propositional logic

F: (PVQA(-PAQ)VR)

Pl Q|R|((PVQ) | -P|(—PAQ)| (m-PANQR)VR)|F
olo]o 0 1 0 0 0
0olo]|1 0 1 0 1 0
ol 1]o0 1 1 1 1 1
o 1]1 1 1 1 1 1
1] 0o 1 0 0 0 0
1101 1 0 0 1 1
1] 1] o0 1 0 0 0 0
1] 1] 1 1 0 0 1 1
DNF: (=PAQA-R)V(=PAQAR)V(PA-QAR)V(PAQAR)
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Example: Classical propositional logic

F: (PVQA(-PAQ)VR)

Pl Q|R|(PVQ) | -P|(—PAQ)| (-PANQ)VR) | F | —-F
O] 0] O 0 1 0 0 0 1
0O O 1 0 1 0 1 0 1
0 1 0 1 1 1 1 1 0
0 1 1 1 1 1 1 1 0
1 010 1 0 0 0 0 1
1 0 1 1 0 0 1 1 0
1 1 0 1 0 0 0 0 1
1 1 1 1 0 0 1 1 0

CNF: (1) DNF of —F:
(-PA=QA-R)V(-PA-QAR)V(PAN=-QAN-R)V(PAQA-R)

(2) negate:
(PVQVR)A(PVQV-R)A(=PVQVR)A(=PV-QVR)
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Signed resolution: Propositional logic

Translation to signed clause form.

DNF(W):= \/  F'A---AF¥
f/w(v\l/l ....... V?\/enlsﬂes
CNF(W) = A (M\{wu}):F V-V (M\{vp}):F,
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Example

Compute CNF for {0}:(F1 — Fp):

= |0 |31

o |[[1]1 1 DNFfor {3,1}:(FL — R): \/ {vlFAA{wn}F
% % 1 |1 v €{0.3.1}

1 0 % 1 vi = v #0

(FONFD) v (FOAFZ) v (FOAF)
(,:1%/\,:20) \% (Fl%/\FZ%) \% (F1%/\F21)
(FIAF) v (AR

CNF for {0}:(F1 — F):

{3. 1A V{3.1}:R) A ({5.11:A V{0 1}:R) A ({3.11:FR V{0, 3}1:R)
({0, 1}:A V{3 1}:FR) A ({0,1}:FA Vv {0,1}:R) A ({0,1}:F V{0, 3}:F2)
({0, 3}:F v{0,1}:F2) A ({0,3}:F V{0,3}:F})
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Example

Compute CNF for {0}:(F1 — Fp):

= |0 |31

o |[[1]1 1 DNFfor {3,1}:(FL — R): \/ {vlFAA{wn}F
% % 1 |1 v €{0.3.1}

1 0 % 1 vi = v #0

1 1 1 1
= (FA F2{0’2’1}) V (F2 A F2{0’2’1}) V (FL A F2{2’1})

0 2 1 {31}
F/VF?V(Ff NFy?20)

CNF for {0}:(F1 — F):

{3.1}:F A {0,1}:F A ({0, 2}1:F1 vV {0}:F)
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Optimization

DNF(W) :=\/ {vi}:Fi A A{va_1}:Fomi A{va | fu(va, .., vn) € S}HiF,

V1,eoos Vh_1EM

CNF(W) := N\ (M\{vi}):F1 V-V (M\{va_1}):Fn_1 V {Vva | (w1
Vi eoos Vp—1EM

(negate DNF(M\S:f(Fy, ..., Fn)))
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Soundness

Signed resolution (propositional form)

PivC  P2VD

cCvD
if vi #w

Signed factoring (propositional form)

CVPYV P
CV P
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Soundness

Theorem. The signed resolution inference rule is sound.

Proof (propositional case)
Let A be a valuation such that A = P11V C and A = P2V D.

Case 1: A= P"1. Then A(P) = v1, hence A(P) # vo. Therefore, A = D.
Hence, A = C VvV D.

Case 2: A= P1. Then A = C.
Hence also in this case A = CV D.

Soundness of signed factoring is obvious.

35



Completeness: Propositional Logic

Encoding into first-order logic with equality
Signed resolution

~viVC P~wVvVD
(C Vv D)

if vi = w

Signed factoring
CVP=vVP=xv

C

Idea: Signed resolution can be simulated by a version of resolution which
handles equality efficiently (superposition). Completeness then follows from
the completeness of this refinement of resolution.

This also guarantees completeness of refinements of signed resolution with

ordering and selection functions
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