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Until now

e Many-valued logic (finitely-valued; infinitely-valued)

History and Motivation
Syntax
Semantics

Functional completeness
Automated reasoning: Tableaux

Many-valued resolution (propositional logic)



1. Propositional logic

Translation to (signed) clause form
Clause: Disjunction of signed literals
Signed literals:

truth values as signs: LV

sets of truth values as signs: S : L abbrev. for \/ g L"



Example: Classical propositional logic

F: (PVQA(-PAQ)VR)

Pl Q|R|(PVQ) | -P|(—PAQ)| (-PANQ)VR) | F | —-F
O 0] O 0 1 0 0 0 1
010 1 0 1 0 1 0 1
0 1 0 1 1 1 1 1 0
0 1 1 1 1 1 1 1 0
1 0[O0 1 0 0 0 0 1
1 0 1 1 0 0 1 1 0
1 1 0 1 0 0 0 0 1
1 1 1 1 0 0 1 1 0

CNF: (1) DNF of —F:
(-PA=QA-R)V(-PA-QAR)V(PAN=-QAN-R)V(PAQA-R)

(2) negate:
(PVQVR)A(PVQV-R)A(=PVQVR)A(=PV-QVR)



Signed resolution: Propositional logic

Translation to signed clause form.

DNF(W):= \/  F'A---AF¥
fM(V\l/l ....... V?\/enlsﬂes
CNF(W) = A (M\{w}):FR V- v (M\{va}):F,



Example

Compute CNF for {0}:(F1 — Fp):

= |0 |31

o |[[1]1 1 DNFfor {3,1}:(FL — R): \/ {vlFAA{wn}F
% % 1 |1 v €{0.3.1}

1 0 % 1 vi = v #0

(FOAF) v (AR v (FAFD
(Fl%/\FZO) \% (F1%/\F2%) \% (F1%/\F21)
(Fll/\FZ%) vV (FiAFY)

CNF for {0}:(F1 — F):

{3. 1A V{3.1}:R) A ({5.11:A V{0 1}:R) A ({3.11:FR V{0, 3}1:R)
({0, 1}:A V{3 1}:FR) A ({0,1}:FA Vv {0,1}:R) A ({0,1}:F V{0, 3}:F2)
({0, 3}:F v {0,1}:R) A ({0,3}:F V{0, 5}:F})



Example

Compute CNF for {0}:(F1 — Fp):

= |0 |31
0 1 11 (1
> |l |1 |1 DNFfor {1, 1}:(F — R):  \/ {v}:FAA{w}F
L Jo]3]1 nvae{0.l 1}
v1= v #0

= ({O}ZFl/\{O, %, l}ZFQ)V({%}:Fl/\{O, %, 1}:F2)\/({1} : Fl/\{%, 1}:F2)

= {O}:Fl\/{%}:Fl\/({l}:Fl/\{%, 1}:F)

CNF for {O}I(Fl — Fz):

{3.1}:F A {0,1}:F A ({0, 2}:F1 vV {0}:F2)



Optimization

DNF(W) :=\/ {vi}:Fi A A{va_1}:Fomi A{va | fu(va, .., vn) € S}HiF,

V1,eoos Vh_1EM

CNF(W) := N\ (M\{vi}):F1 V-V (M\{va_1}):Fn_1 V {Vva | (w1
Vi eoos Vp—1EM

(negate DNF(M\S:f(Fy, ..., Fn)))



Soundness

Signed resolution (propositional form)

PivC  P2VD

cCvD
if vi #w

Signed factoring (propositional form)

CV PV P
CV P




Soundness and Completeness

Theorems.
(1) The signed resolution inference rule is sound.
(2) The signed resolution inference rule is complete.

Proof Completeness — Idea: Signed resolution can be simulated by a version of
resolution which handles equality efficiently (superposition).

Signed resolution

P~wviVvC P~ wVvD
(C Vv D)

if vi Z w

Signed factoring
CVPvVP=xv

C

Completeness then follows from the completeness of this refinement of resolution.

This also guarantees completeness of refinements of signed resolution with ordering
and selection functions
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Compact form of signed resolution

Propositional logic
Signs: sets of truth values

Resolution
Si:PVv C S>:PVv D
(51NS):PVvCvVD

if S NS, =10

Simplificaton
CvVv):P
C
Merging
S5.:PV S5:PVv C
(S1US):PVv C
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First-order logic

Translation to clause form:

need to take into account also the truth tables of the quantifiers.
S 1 QxF(x)

DNF: \/ gvcm (Vx Vi F(x) AALcy 3Ix {a}: F(x))
Qm(V)eS

CNF: computed by negating the DNF for M\S : VxF(x)

CNF: A DAV C M (Ix(M\V) : F(x) V \/aEVVX(M\{a}) . F(x))
Qu(V)E(M\S)

— leave out quantifiers (Skolem functions for existential quantifier)
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Example

In L3, with truth values M = {0, u, 1}:
{1, u}Vx p(x)

= N svew (BX(MAV) : F(x) V Ve 0y Vx(M\{a}) : F(x))
min(V)e{0}

= (3x{1, u}:p(x) V Vx(M\{0}):p(x))A

=  (Ix{u}:p(x) vV Vx{1, u}:p(x) VvV Vx{0, u}:p(x))A

= (Ix{1}:p(x) VVx{1, u}:p(x) VvV Vx{0, 1}:p(x))A

= Vx{1,u}:p(x) VVx{0,1} : p(x) VVx{0, u} : p(x))



Structure-preserving translation

In order to avoid rapid growth of the number of clauses, a structure-

preserving translation to clause form is used.

ldea
S5:F[G(X)] = S:F[Pcu)(X)] A NAsem Vx({a}G(x) < {a} : Pgx)(x))

where Pg(,) new predicate symbol.

S:F[f(Fl ..... F,Q]

G
= S:FIPGI A N,ep YX(DNF({a} : f(F1, ..., Fn) < {a} : Pg)
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Resolution for first-order clauses

Natural generalization of the resolution rule:

Signed resolution

LPvC L2V D
(CV D)o

if vi # v, and 0 = mgu(Ly, Lo)

Signed factoring

CVLYVLY
(CV LY)o

if o = mgu(Ly, L)
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Regular logics

Many-valued logics for which an order < exists on the sets of truth values
and for which signed CNF's can be found which contain as signs only the

sets
Ti={jeMl|j>itand |i={jeM]|j<i}
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Regular logics

Many-valued logics for which an order < exists on the sets of truth values
and for which signed CNF's can be found which contain as signs only the

sets
Ti={jeMl|j>itand |i={jeM]|j<i}
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Example

tukasiewicz logics L,

o Set of truth values M = {0, -1 -2

'"n—1'" n—1'""""°

e lLogical operations: V, A, =, =

° \/Ln — max

* Ny = min

® T} X= 1 —x

e x=4 y=min(l,1-x+y)
e First-order version: Q = {V, 3}
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tukasiewicz logics

t ukasiewicz implication x =} y = min(1,1 — x + y)
Ln

1 2 n—2
~ 0 n—1 n—1 n—1 1
0 1 1 1 1 1
1 n—2
n—1 n—1 1 1 1 1
2 n—3 n—?2
n—1 n—1 n—1 1 1 1
1 2 n—2
1 O n—1 n—1 n—1 1




Example

Ti:(FLAFR)— (Ti: FR)A(Ti: F)
Tii(FLVFR)— (Ti: F)V(Ti: F)

Ti:—F — (1 —17): F

TickFi=F —=Vieylli:AAT(+j-1):F

Similar for |i: F

signed CNFs can be obtained using the transformation rules above (and

possibly negation).
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