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Until now

e History and Motivation

e Propositional modal logic
Syntax
Inference systems and proofs
Semantics (models, validity, satisfiability)
Entailment (local/global); Deduction theorem
Correspondence theory; First-order definability

Proof Systems



Theorem proving in modal logics

e Inference system last time
e [ableau calculi

e Resolution



Theorem proving in modal logics

e Inference systems
e Tableau calculi today

e Resolution today



Modal logic

Theorem proving in modal logics
e Inference systems
e Tableau calculi

e Resolution



Tableau calculus

We use labelled formulae
TG standing for “Formula G is true”

FG standing for “Formula G is false”



Tableau calculus

Formula classes

a-Formulae T(AAB),F(AV B), F(A— B), F(—A)
B-Formulae T(AV B),F(AANB), T(A— B), T(—A)
v-Formulae T OA, F CA
m-Formulae T GA, F OA



Tableau calculus

Successor formulae

a1

a2

T(AAN B)

F(AV B)

F(A — B)
F(-A)

TA | TB
FA | FB
TA | FB
TA | TA
v L0
TOA | TA
FOA | FA

FOA | FA

p B1 | B2

T(AVB) | TA | 7B
F(AAB) | FA | FB
T(A— B) | TB | FA
T(—A) FA | FA
0 0

TOCA | TA



Tableau calculus

Every combination of top-level operator and sign occurs in one of the above
cases.

When constructing the tableau, we use signed formulae prefixed by states:
o ZA

where Z € {T,F}, Ais a formula, and o is a finite sequence of natural
numbers.

For the modal logic K, o1 is accessible from o iff

o1 = on for some natural number n.

Tableau expansion rules are shown on the next slide.



Modal propositional expansion rules

a-Expansion (for formulas that are essentially conjunctions: append
subformulas «; and ap one on top of the other)

o

o Q1

o Qo

B-Expansion (for formulas that are essentially disjunctions:
append B1 and (32 horizontally, i.e., branch into 81 and (57)

o f
o B1|o B
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Modal propositional expansion rules

v-Expansion (for formulae which are essentially of the form o TOA:
append o’1g, such that o’/ accessible from o and occurs on the branch

already)
oV

o’ g

m-Expansion (for formulae which are essentially of the form o TOA:

append o/, such that o’ is a simple unrestricted extension of o, i.e.

o’ is accessible from o and no other prefix of the branch starts with

o’)
o

o’ mo
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Tableau calculus

A tableau is closed if every branch contains some pair of formulas of the
form s TA and s FA.

A proof for modal logic formula consists of a closed tableau starting with
the root 1 FA.
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Example

These tableau rules can be used to analyze whether OA — A is a theorem
of K as follows:

1 FOA—-CA (1)

1 TOA (2) from 1

1 FOA (3) from 1

No other proof rules can be used because the modal formulas are v rules,
which are only applicable for accessible prefixes that already occur on the

branch.
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Example

These tableau rules can be used to analyze whether OA — A is a theorem

of K as follows:
1 FOA—-CA (1)
1 TOA (2) from 1
1 FOA (3) from 1

No other proof rules can be used because the modal formulas are v rules,
which are only applicable for accessible prefixes that already occur on the

branch.
Intuition

The labels denote possible worlds. We can construct a Kripke model K

with one possible world only and the empty relation.

Then OA is true in IC, but CA is false, so OA — A is false in IC.
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Example

Without the restriction that the prefix should already appear on the path,
we could have closed the tableau as follows:

1 FOA—=OA (1)

1 TOA (2) from 1
1 FOA (3) from 1
11 TA (4) from 2
11 FA (5) from 3

But this would have been wrong, since DA — <A is not a theorem of K.
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Tableau calculus

The rules above are sound and complete for the modal logic K.

For other logics it may be necessary to change
- accessibility relation on prefixes

- the two modal rules.

16



Tableau calculus

The rules above are sound and complete for the modal logic K.
For other logics it may be necessary to change
- accessibility relation on prefixes

- the two modal rules.

A tableau formed using the rules presented before is called a K-tableau.
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Example

Prove that DAA OB — O(A A B)

TOAA OB
FO(A A B)
TOA

TOB

11 F(AAB)

e e

11 FA (7), B8, 61
11 TA (9), v, from 4
1 7 and 9

F(ODAANOB) — O(AAB)

11
11

(1)

(2), o, 11
(3), a, 15
(4), o, 21

(5), a, 21

(6), 7, from 3

FB  (8), B, 62
TB  (10) v, from 5
1 10 and 8
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Soundness and Completeness

Definition. A tableau is satisfiable in K if it has a path P, for which there
is a Kripke structure K = (S, R, I) for the modal logic K and a mapping m
from prefixes of P to S such that

1. m(s)Rm(s’) iff prefix s’ is accessible from prefix s; and
2. (K, m(s)) = A for every formula sTA on path P.

3. (K, m(s)) = —A for every formula sFA on path P.

In the sequel we will just abbreviate the last two cases to: (K, m(s)) = A
for every (signed) formula sA on path P.
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Soundness and Completeness

Soundness
If FA is satisfiable then we cannot derive L on all branches

If we can construct a closed tableau with root FA,
then there is no Kripke structure in which A evaluates to false.

20



Soundness and Completeness

Soundness
If FA is satisfiable then we cannot derive L on all branches

If we can construct a closed tableau with root FA,
then there is no Kripke structure in which A evaluates to false.

Theorem. If there is a closed K-tableau with root 1FA, then A is valid in
all Kripke structures of K.
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Soundness and Completeness

Soundness
If FA is satisfiable then we cannot derive L on all branches

If we can construct a closed tableau with root FA,
then there is no Kripke structure in which A evaluates to false.

Theorem. If there is a closed K-tableau with root 1FA, then A is valid in
all Kripke structures of K.

In order to prove the theorem we will first prove the following lemma

Lemma. Let Ty is a K-satisfiable tableau, and let T be the extension of Ty
with one of the extension rules. Then T is a K-satisfiable tableau as well.
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Soundness and Completeness

Lemma. Let Ty is a K-satisfiable tableau, and let T be the extension of Ty
with one of the extension rules. Then T is a K-satisfiable tableau as well.

Proof. We only consider the v and 7 rules.

Ty is satisfiable in K if it has a path P, for which there is a Kripke structure
K = (S, R, 1) for the modal logic K and a mapping m from prefixes of P to S such
that

1. m(oc)Rm(c’) if prefix o’ is accessible from prefix o; and
2. (K, m(o)) = A for every formula sTA on path P.
3. (K, m(o)) = —A for every formula sFA on path P.

Assume first that formula ov occurs on path P and the path is extended by the v rule

to PU {0’19}, where o’ occurs already in P and is accessible from o.
Then m(o)Rm(o’) and (K, m(c)) | v.

From this it immediately follows that (KC, m(c”)) = vo.
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Soundness and Completeness

Lemma. Let Ty is a K-satisfiable tableau, and let T be the extension of Ty
with one of the extension rules. Then T is a K-satisfiable tableau as well.

Proof. (continued)

Assume now that formula o occurs on path P and the path is extended by the 7 rule
to P U {0’70}, where no other prefix of P starts with o’ and ¢’ is accessible from o.
Then m(co)Rm(o’) and (K, m(o)) &= .

From this it immediately follows that there exists s € S such that (K, s) = .
We extend the map m by defining m(c’) = s.

(1) By the conditions on the m-rule, we know that o’ is accessible from a prefix p on
the path P iff p = 0.

(2) Moreover, for every prefix p on the path P, p is not accessible from o’.
These properties ensure that for every two prefixes on the path P U {o’m} we have:

m(p1)Rm(p2) if pa is accessible from p;. Thus, T is K-satisfiable.
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Soundness and Completeness

Lemma. Let Ty is a K-satisfiable tableau, and let T be the extension of Ty
with one of the extension rules. Then T is a K-satisfiable tableau as well.

Theorem. If there is a closed K-tableau with root 1FA, then A is valid in
all Kripke structures of K.

Proof. Let T be the closed K-Tableau with root 1FA. Assume there exists a
Kripke-Structure IC = (S, R, 1) and s € S such that (K, s) = —A.

Then the root of T, 1FA, is a K-satisfiable tableau if we define m(1) = s. By the
previous Lemma the extension of a K-satisfiable tableau with one of the extension
rules is a K-satisfiable tableau as well.

It then follows that T is K-satisfiable, which contradicts the fact that T is closed.
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Soundness and Completeness

Completeness

Weak form:
Show that if A is valid then there exists a closed tableau with root 1FA.

26



Soundness and Completeness

Completeness

Weak form:
Show that if A is valid then there exists a closed tableau with root 1FA.

Stronger form:
Would like to show that if N = A then, if we consider the formulae in N as

“axioms’ and assume that FA then we can construct a closed tableau.
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Soundness and Completeness

Completeness (weak form)

Theorem. If A is valid then there exists a closed tableau with root 1FA.

Proof. (Idea)

We prove the contrapositive. Assume that every tableau for 1FA has an
open saturated path P.

Let Py the set of all signed formulae with prefixes occurring on P.

Then for every v-formula ov, the path contains also the consequence of the
v-rule, o’vg, where o/ occurs in P and is accessible from o.

We construct a Kripke model IC = (S, R, I) for P as follows:
e S is the set of all prefixes occurring on P;
e R is the accessibility relation on the set of prefixes;
e If A propositional variable: /(A, o) = 1 iff 0 TA occurs on P.
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Soundness and Completeness

Completeness (weak form)

Theorem. If A is valid then there exists a closed tableau with root 1FA.

Proof. (Continued)

One can prove by induction on the structure of the signed formulae that for

every formula ¢C on P, (K, o) = C.
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Soundness and Completeness

Completeness (weak form)

Theorem. If A is valid then there exists a closed tableau with root 1FA.

Proof. (Continued)

One can prove by induction on the structure of the signed formulae that for
every formula ¢C on P, (K, o) = C.

Example 1:

If 0o TOB occurs in P, then for every prefix ¢ € S which is reachable from

oo also o TB occurs in P.

Induction hypothesis: (IC, o) = B (and this holds for all o € S with ogRo.
Thus, (I, 09) = OB.
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Soundness and Completeness

Completeness (weak form)

Theorem. If A is valid then there exists a closed tableau with root 1FA.

Proof. (Continued)

One can prove by induction on the structure of the signed formulae that for
every formula ¢C on P, (K, o) = C.

Example 2:

If oo FOB occurs in P, there exists a prefix o accessible from og such that
ocFB occurs in P.

By induction hypothesis, (KC,o0) = FB (i.e. (K,0) = —B, hence
(IC,00) = FOB.
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Completeness

Completeness (strong form)

Would like to show that if N = A then, if we consider the formulae in N as
“axioms’ and assume that FA then we can construct a closed tableau.

We defined “local entailment” and “global entailment”

— We distinguish L-completeness and G-completeness

32



Entailment

Global entailment:

N [=¢ F iff for every Kripke structure = (S, R, I):

If IC = G for every G € N then K = F

Local entailment:

N =, F iff for every Kripke structure = (S, R, 1) and every s € S:

If (KC,s) = G for every G € N then (IC,s) = F
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[-Completeness

Let N be a set of modal formulae.

Definition A K-tableau is an K-L-Tableau over N if for every formula
B € N the following rule can be used:

1TB

Theorem. Let N be a set of modal formulae and A a modal logic formula.
Then N |=; A iff there exists a closed K-L-Tableau with root 1FA.
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G-Completeness

Let N be a set of modal formulae.

Definition A K-tableau is an K-G-Tableau over N if for every formula
B € N and for every prefix o on the current path the following rule can be

used:

oclB

Theorem. Let N be a set of modal formulae and A a modal logic formula.
Then N |=¢ A iff there exists a closed K-G-Tableau with root 1FA.
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Tableau calculi

Sound and complete tableau calculi can be devised for a large class of
systems of propositional modal logic.

Main challenge: Prove termination (can construct “saturated” or closed
model in a finite number of steps)

“Blocking techniques”

36



Theorem proving in modal logics

e Inference system (soundness and completeness results)
e Tableau calculi (soundness and completeness results)

e Translation to first order logic (+ e.g. Resolution)
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Translation for classical logic

K =(S,R, 1) Kripke model

valic (L)(s)

valic (T)(s)

vali (P)(s) =1

vali (=F)(s) =1
valx (F1 A R)(s) =1
valx (F1 vV R)(s) =1
valx (OF)(s) =1
valic (OF)(s) =1

rT T T

o

1

I(P)(s) =1

valie (F)(s) = 0

valic (F1)(s) Avalx(Fi)(s) =1
valic (F1)(s) V valx(Fi)(s) =1
Vs'(R(s,s’) — valxc(F)(s") =1
3s’(R(s,s”) and valc (F)(s’) = 1

for all s
for all s
for all s
for all s
for all s
for all s
for all s

for all s
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Translation for classical logic

K =(S,R, 1) Kripke model

valj (L)(s)

valic (T)(s)

vali- (P)(s) = 1

valic (—F)(s) = 1
valic (F1 A F)(s) = 1
valic (F1 V F)(s) =1
vali - (OF)(s) =1
valic (OF)(s) = 1

1111t ze

Translation : P cTl

F formula

R acc.rel

0

1

I(P)(s) =1

vali- (F)(s) = 0

valic (F1)(s) A valic(F1)(s) = 1
vali- (F1)(s) V valic (F1)(s) = 1
Vs/ (R(s, s’) — valic (F)(s') = 1
3s’(R(s, s’) and vaI,C(F)(s’) =1

—  P/1 unary predicate
—  Pg /1 unary predicate
—  R/2 binary predicate

for all s
for all s
for all s
for all s
for all s
for all s
for all s

for all s
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Translation for classical logic

K =(S,R, 1) Kripke model

valj (L)(s) = 0
valic (T)(s) = 1
vali- (P)(s) = 1 > I(P)(s) =1
valic (—F)(s) = 1 > vali- (F)(s) = 0
valic (F1 A F)(s) = 1 <~ valic (F1)(s) A valic(F1)(s) = 1
valic (F1 V F)(s) =1 > vali- (F1)(s) V valic (F1)(s) = 1
valic(OF)(s) =1 <« Vs'(R(s,s") — valic (F)(s") = 1
valic (OF)(s) = 1 <~ 3s’(R(s, s’) and vaIIC(F)(s,) =1
Translation:
P el — P/1 unary predicate Vs(P_ E(s)
F formula — Ppg /1 unary predicate VS(PF]_/\F2 (s)
R acc.rel — R/2 binary predicate ‘v’s(P,:l\/,:2 (s)
valic (P)(s) =1 — P(s) s(Po £ (5)
valic (P)(s) =0 — —P(s) s(Po £ (5)

1Tt te

for all s
for all s
for all s
for all s
for all s
for all s
for all s

for all s

P, (s) A PE,(s))

PFl (s) Vv P,:2 (s))
vs/(R(s, s”) — PE(s’)))
s’ (R(s, s”) A PE(s")))
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Translation for classical logic

K =(S,R, 1) Kripke model

valj (L)(s)

valic (T)(s)

vali- (P)(s) = 1

valic (—F)(s) = 1
valic (F1 A F)(s) = 1
valic (F1 V F)(s) =1
vali - (OF)(s) =1
valic (OF)(s) = 1

Translation: Given F modal formula:

P e —>
F’ subformula of F >
R acc.rel —
vali- (P)(s) = 1 —
vali- (P)(s) = 0 —

1111t ze

0 for all s
1 for all s
I(P)(s) =1 for all s
vali- (F)(s) = 0 for all s
valic (F1)(s) A valic(F1)(s) = 1 for all s
vali- (F1)(s) V valic (F1)(s) = 1 for all s

vs’(R(s, s’) — vaI,C(F)(s’) =1 for all s
3s’ (R(s, s”) and vaI,C(F)(s’) =1 for all s

P/1 unary predicate VS(P_|,:/ (s) < _'P,:/ (s))

Pg /1 unary predicate VS(PFI/\FQ (s) < PFl (s) A PF2 (s))

R/2 binary predicate ‘v’s(P,:lsz (s) «> P,:1 (s) Vv P,:2 (s))

P(s) Vs(Pgpr(s) < Vs (R(s,s") = Prs(s")))
—P(s) Vs(Popr(s) < 3s'(R(s.s’) A Pes(s")))

where the index formulae range over all subfromulae of F.
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Translation to classical logic

Translation: Given F modal formula:

P e > P/1 unary predicate Vs(P_gr(s) «
F’ subformula of F PF’ /1 unary predicate VS(PFl/\F2 (s) <
R acc.rel — R/2 binary predicate ‘v’s(PFl\/F2 (s) <
valic(P)(s) =1 — P(s) Vs(Pqpr(s) +
val,C(P)(s) =0 —> ﬁP(S) VS(POF,(S) <>

—Prys(s))

Pr, (s) N PE,(5))

PF, (s) vV PE,(s))

Vs’ (R(s,s’) — Pry (s”)))
3s’(R(s,s") A Prs(s7)))

where the index formulae range over all subformulae of F.

N

NV

Rename(F)

Theorem.

F is K-satisfiable iff 3xPg(x) A Rename(F) is satisfiable in first-order logic.
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Translation to classical logic

Example

To prove that F:=0(P A Q) — OP AOQ is K-valid

The following are equivalent:
(1) F is valid
(2) =F :=0(P AN Q) A—(OP A OQ)) is unsatisfiable

(3) IxP-fr(x) A Rename(—F) is unsatisfiable
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Translation to classical logic

Example

The following are equivalent:
(2) -F :=0(P AN Q) AN —~(OP A OQ)) is unsatisfiable
(3) IxP-£r(x) A Rename(—F) is unsatisfiable

Ix  Po(pA@)A—(OPADQ)) )

VX (PEI(P/\Q)/\—u(El PAO Q)(X) A PIZI(P/\Q)(X) NP (oPAD Q)(X))
YV x (Pﬁ(DP/\DQ)(X) TS _‘PDP/\DQ(X))

Vx  (Popao(x) <> Pop(x) N Pgo(x))

Vx  (Pop(x) > Vy(R(x,y) — P(y)))

Vx  (Po(x) <> Vy(R(x,y) — Q(y)))

vx  (Popa@)(X) < VY(R(x.y) = PpaqQ(¥)))

YV x (PP/\Q(X) > P(x) N Q(x))
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Translation to classical logic

Example

The following are equivalent:
(2) -F :=0(P AN Q) AN —~(OP A OQ)) is unsatisfiable
(3) IxP-£r(x) A Rename(—F) is unsatisfiable

Prenex normal form

3x Po(PAQ)A—=(0PATQ))X)

VX (PD(P/\Q)/\—|(DP/\D Q)(X) A PD(P/\Q)(X) NP (opPAD Q)(X))
Vx (Po@pAro@)®) < —~Papaoq())

Vx (Popao@(x) < Pogp(x) A Pgg(x))

VxVy (Pop(x) = (R(x,y) — P(y)))

Vx3dy  (R(x.y) = P(y)) = Pgp(x))

VxVy  (Po(x) = (R(x,y) = Q(y)))

vxdy  (R(x,y) = Q(y)) = Pgo(x))

vxVy  (Popa@)(x) = (R(x,y) = PpAqQ(¥)))
Vx3dy (R(x,y) — PPAQ(Y)) - PD(P/\Q)(X)
YV x (PP/\Q(X) > P(x) N Q(x))
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Translation to classical logic

Example

The following are equivalent:
(2) -F :=0(P A Q) AN —~(OP A OQ)) is unsatisfiable
(3) IxP-£r(x) A Rename(—F) is unsatisfiable

Skolemization

Po(PAQ)A—=(0PADQ))(€)
Vx (Pa(pA@)A=(@PAOQ)(X) < Popa@)(X) A Poopao@)(®)
V' x (P—|(IZ|P/\EIQ)(X) > _‘PDP/\DQ(X))
Vx (Popao@(x) <> Pogp(x) A Pgg(x))
vxVy  (Pgp(x) = (R(x,y) = P(y)))
V' x (R(x, f1(x) = P(f1(x))) — Pgp(x))
VxVy  (Pg@(x) = (R(x,y) = Q(y)))
Vx (R(x, 2(x)) = Q(f2(x))) — Po@(x))
VxVy (PD(P/\Q)(X) — (R(x,y) = Ppa(¥)))
Vv x (R(x, f3(x)) — PP/\Q(f3(X))) — PIZI(P/\Q)(X)
YV x (PP/\Q(X) +— P(x) N Q(x))

CNF translation, Resolution Exploit polarity!!!
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Another example

Task: Check if there exists a Kripke model such that F = &(Q — <¢ Q) holds at some
state in this Kripke model.

Pr(c)

Vx(Pe(x) <> Jy(R(x, y) A Pq—0q(y)))

VX(Po—oq(x) < (Q(x) = Poq(x)))

Vx(Poq(x) < Jy(R(x,y) AN Q(y)))
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Another example

Task: Check if there exists a Kripke model such that F = &(Q — <¢ Q) holds at some
state in this Kripke model.

Pr, Po— ¢@, Pog: positive polarity!

Pr(c)

Vx(Pe(x)—3y(R(x, ¥y) A Pqoq(y)))

Vx((Po—0@(x)=(Q(x) = Pog(x)))

Vx(Pogq(x)—3y(R(x,y) N Q(y)))
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Another example

Task: Check if there exists a Kripke model such that F = &(Q — <¢ Q) holds at some
state in this Kripke model.

Prenex, Skolemization

Pr(c)

Vx(Pr(x)—=(R(x, f(x)) A Po—0a(f(x))))

VX(Po— 0@ (x)—=(Q(x) = Poq(x))

Vx(Poo—(R(x, g(x)) A Q(g(x))))
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Another example

Task: Check if there exists a Kripke model such that F = <>(Q — <>Q) holds at some
state in this Kripke model.

CNF
Pe(c)

= Pe(x) V R(x, f(x))
=Pr(x) V Po—oq(f(x)))

—Pooq(x) V =Q(x) V Pog(x)

~Poo(x) V R(x, g(x))
—~Poq(x) vV Q(g(x))))
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Resolution

Resolution for General Clauses

General binary resolution Res:

CVA Dv-B
(CV D)o

if o = mgu(A, B) [resolution]

CVAVB
(CV Ao

if 0 = mgu(A, B) [factorization]
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Resolution for General Clauses

For inferences with more than one premise, we assume that the variables in
the premises are (bijectively) renamed such that they become different to

any variable in the other premises.
We do not formalize this. Which names one uses for variables is otherwise

irrelevant.
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Ordered resolution with selection

A selection function is a mapping

S:C —

Example of selection with selected literals indicated as

-A

vV -AV B

X [

-B,

\

- By

set of occurrences of negative literals in C

VA

Let > be a total and well-founded ordering on ground atoms. Then > can be extended
to a total and well-founded ordering on ground literals and clauses

A literal L (possibly with variables) is called [strictly] maximal in a clause C if and
only if there exists a ground substitution o such that for all L’ in C: Lo > L'o

[Lo = L' o].
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Resolution Calculus ResZ

Let > be an atom ordering and S a selection function.

CVA -BV D
(CV D)o

[ordered resolution with selection]

if 0 = mgu(A, B) and
(i) Ao strictly maximal wrt. Co;
(ii)) nothing is selected in C by S;

(iii) either =B is selected,
or else nothing is selected in =BV D and —Bo is maximal in Do.
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Resolution Calculus ResZ

CVAVB
(CV Ao

if 0 = mgu(A, B) and Ao is maximal in Co and nothing is selected in C.

[ordered factoring]
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Soundness and Refutational Completeness

Theorem:
Let > be an atom ordering and S a selection function such that
ResZ (N) C N. Then

NeElsleN
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Ordered resolution for modal logics

It has been proved that ordered resolution (possibly with selection) can be
used as a decision procedure for the propositional modal logic K and also
for many extensions of K.

Goal: Define ordering/selection function such that few inferences can take
place, and such that the size of terms/length of clauses cannot grow in the
resolvents.
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Decidability of modal logics
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Decidability of modal logics

e Direct approach: Prove finite model property

If a formula F is satisfiable then it has a model with at least f(size(F))

elements, where f is a concrete function.

Generate all models with 1,2,3,..., f(size(F)) elements.
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Decidability of modal logics

e Direct approach: Prove finite model property

If a formula F is satisfiable then it has a model with at least f(size(F))

elements, where f is a concrete function.

Generate all models with 1,2,3,..., f(size(F)) elements.

e Alternative approaches:
— Show that terminating sound and complete tableau calculi exist

— Show that ordered resolution (+ additional refinements) terminates
on the type of first-order formulae which are generated starting

from a modal formula.
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Decidability

Direct approach

ldea:
We show that if a formula A has n subformulae, then
Fk A iff, Ais valid in all frames having at most 2" elements.

or alternatively, that the following are equivalent:

(1) There exists a Kripke structure K = (S5, R, /) and s € S such that
(IC,s) = A.

(2) There exists a Kripke structure K’ = (S’,R’,I’) and s’ € S/ s.t.:
o (K/',s")EA
e S’ consists of at most 2" states.
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Decidability

ldea:

We show that if a formula A has n subformulae, then
Fk A iff Ais valid in all frames having at most 2” elements.

or alternatively, that the following are equivalent:

(1) There exists a Kripke structure K = (S5, R, /) and s € S such that

(IC, s) E= A.

(2) There exists a Kripke structure K’ = (S’, R’,1’) and s’ € S’ such
that:
o (K',s")E=A

e S’/ consists of at most 2" states.

Goal: Construct the finite Kripke structure I’ starting from K.
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Decidability

Filtrations

Fix a model L = (S5, R, /) and a set I C Fmay that is closed under
subformulae, i.e. B € I implies Subformulae(B) C T.

For each s € S, define
ro={Ber|(Ks)E B}

and put s ~p tiff [ =T,
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Decidability

Filtrations

Fix a model L = (S5, R, /) and a set I C Fmay that is closed under
subformulae, i.e. B € I implies Subformulae(B) C T.

For each s € S, define
ro={Ber|(Ks)E B}

and put s ~p tiff [ =T,

Thens~pt iff forall BeTl, (K,s) = Biff (K, t) E B.

Fact: ~r is an equivalence relation on S.
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Decidability

Let [s] = {t | s ~r t} be the ~r-equivalence class of s.

Let St := {[s] | s € S} be the set of all such equivalence classes.

Lemma. If I is finite, then Sr is finite and has at most 2” elements, where
n is the number of elements of I.

Proof. Let f : St — P(I') be defined by f([s])=Is={Berl | (K,s) = B}.
Since [s] = [t] iff s ~f t iff [ =T, f is well-defined and one-to-one.
Hence S has no more elements than there are subsets of I'.

But if I has n elements, then it has 2" subsets, so S has at most 2"

elements.
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Decidability

Goal: (K,s)=A — (K/,s')=A K’ = (S, R, I"),

Step 1: Determine S’:
S’ := S, where I' = Subformulae(S)

57| < 2n.
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Decidability

Goal: (KK,s)EA + (K/,s')=A K’ = (S R, I"), |S'|<2"

Step 1: Determine S’:
S’ := S, where I' = Subformulae(S)

Step 2: Determine /’:
Let M’ = M NT the set of all atomic formulae occurring in T.

Define I’ : TV x S’ — {0,1} by I’(P,[s]) = I(P, s)
Remark: I’ well defined (if s ~r t and P €T then I(P,s) = I(P, t)).
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Decidability

Goal: (KK,s)EA + (K/,s')=A K’ = (S R, I"), |S'|<2"

Step 1: Determine S’:
S’ := S, where I' = Subformulae(S)

Step 2: Determine /’:
Let M/ = M NT the set of all atomic formulae occurring in T.
Define I’ : TV x S’ — {0,1} by I’(P,[s]) = I(P, s)

Remark: I’ well defined (if s ~r t and P €T then I(P,s) = I(P, t)).

Step 3: Determine R’ C S’ x S’.
Define e.g. ([s],[t]) € R’ iff 3s’ € [s],Tt’ € [t]: (s, t') € R
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Decidability

Goal: (K,s)EFA — (K',s")YEA K =(S" R, I, |S]<2".

Step 1: S’ := Sr, where ' = Subformulae(S)
Step 2: I’ : (MNT) xS’ — {0,1} def. by I’(P,[s]) = I(P, s)
Step 3: R’ def. e.g. by: ([s],[t]) € R iff 3s’ € [s],3t" € [t]: (s'.t') € R

Remark: R’ has the following properties:
(F1) if (s, t) € R then ([s],[t]) € R’
(F2) if ([s],[t]) € R’ then for all B, if OB € T and (K, s) = OB, then (K, t) E B.

Proof: (F2) Assume ([s],[t]) € R’. Then (s’,t’) € R for s’ € [s], t’ € [t].
Hence if (K,s) = OB then (K,s’) = 0B, so (K,t’) = B, ie. (K, t) E B.
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Decidability

Goal: (K, s) = A +— (K’ ') = A K’ = (S R, I"), |S'|<2"

Step 1: S’ := Sr, where ' = Subformulae(S)
Step2: I’ =l :(NNT) xS — {0,1} def. by Ir(P,[s]) = I(P, s)
Step 3: R’ = {([s],[t]) | 3s" ~r s, 3t" ~r ts.t. (s, t') € R}

Remark: R’ has the following properties:
(F1) if (s, t) € R then ([s], [t]) € R’
(F2) if ([s], [t]) € R’ then for all B, if OB € T and (K, s) = OB, then (K, t) &= B.

Any Kripke structure K’ = (Sr, R’, Ir) in which R’ satisfies (FI) and (F2) is called a
[-filtration of K.

70



Decidability

Examples of filtrations

e The smallest filtration.
([s]. [t]) € R’ iff s’ ~r s, 3t" ~r t(s’,t") € R.

e The largest filtration.
([s], [t]) € R iff for all B,OB €T, (K,s) = OB implies (I, t) = B.

e [ he transitive filtration.
([s]. [t]) € R” iff for all B,OB €T, (K,s) = OB implies (K, t) = 0B A B.

When defining /C’ we can choose also the second or third definition of R’.
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Decidability

Filtration Lemma.

Let [ be a set of modal formulae closed under subformulae.

Let £ = (S, R, 1) be a Kripke structure and let K’ = (Sr, R/, Ir) be a
[ -filtration of K.

If B €T, then for any s € S,

(K,s)=B iff (K',[s]) =B

Proof. The case B = P € M NT is given by the definition of /’
The inductive case for the connectives {A, V, =} is straightforward.

The inductive case for O uses (Fl) and (F2).

Note that the closure of I under subformulae is needed in order to be able

to apply the induction hypothesis.
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Decidability

Theorem. Let A be a formula with n subformulae.
Then F, A iff A is valid in all frames having at most 2" elements.

Proof. Suppose t/x A. Then there is a model L = (S5, R, /) and a state
s € S at which A is false. Let [ = Subformulae(A).

Then I is closed under subformulae, so we can construct [-filtrations
K’ = (Sr, R’, Ir) as above. By the Filtration Lemma, A is false at [s] in
any such model, and hence not valid in the frame (Sr, R’).

We previously showed that the desired bound on the size of Sp is 2".
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Decidability

A logic L characterized by a set F of frames™ has the finite frame property
if it is determined by its finite frames, i.e.,

if /. A, then there is a finite frame F € F s.t. F £ A

We showed that the smallest normal logic K has the finite frame property,
and a computable bound was given on the size of the invalidating frame for

a given non-theorem.

* We can choose F to be the class of all frames in which all theorems of £ are valid.
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Decidability

This implies that the property of K-theoremhood is decidable, i.e.
that there is an algorithm for determining, for each formula A, whether or
not Hx A:

If A has n subformulae, we simply check to see whether or not A is valid in
all frames of size at most 2".

e Since a finite set has finitely many binary relations (2™ relations on

an m-element set), there are only finitely many frames of size at most
A
e Moreover, to determine whether A is valid on a finite frame F, we

need only look at models / : 1 N Subformulae(A) — {0,1} on F.

But there are only finitely many such models on F. Thus the whole
checking procedure for validity of A in frames of size at most 2" can be
completed in a finite amount of time.
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