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Until nhow

e Many-valued logic (finitely-valued; infinitely-valued)

History and Motivation
Syntax
Semantics

Functional completeness
Automated reasoning:
Tableaux
Today:

Resolution



Resolution

Needed:

Method for computing a conjunctive normal form



Example: Classical propositional logic

F: (PVQA(-PAQ)VR)

PlQlRrR|l(PPVQ | -P| (=PAQ | (-PAQVR)|F
o|lo]o 0 1 0 0 0
o|lo|1 0 1 0 1 0
0 1 0 1 1 1 1 1
0 1 1 1 1 1 1 1
110/ 0 1 0 0 0 0
1 0 1 1 0 0 1 1
1110 1 0 0 0 0
1 1 1 1 0 0 1 1




Example: Classical propositional logic

F: (PVQA(-PAQ)VR)

Pplol|lrR|l(PPve)| -P| (=PArQ) | (-PAQ)VR) | F
0olo0]o0 0 1 0 0 0
0|01 0 1 0 1 0
o| 1o 1 1 1 1 1
o 1]1 1 1 1 1 1
1|0 o 1 0 0 0 0
10 |1 1 0 0 1 1
1|10 1 0 0 0 0
1] 1|1 1 0 0 1 1




Example: Classical propositional logic

F: (PVQA(-PAQ)VR)

Pplol|lrR|l(PPve)| -P| (=PArQ) | (-PAQ)VR) | F
0olo0]o0 0 1 0 0 0
0|01 0 1 0 1 0
o| 1o 1 1 1 1 1
o 1]1 1 1 1 1 1
1|0 o 1 0 0 0 0
10 |1 1 0 0 1 1
1|10 1 0 0 0 0
1] 1|1 1 0 0 1 1

DNF: (=PAQA-R)V(-PAQAR)V(PAN-QAR)V(PANQAR)



Example: Classical propositional logic

F: (PVQA(-PAQ)VR)

P|lQ|R|(PVQ) | -P|(—PAQ)| (-PANQR)VR) | F | —-F
0] 0{(O0 0 1 0 0 0 1
010 1 0 1 0 1 0 1
0 1 0 1 1 1 1 1 0
0 1 1 1 1 1 1 1 0
1 {010 1 0 0 0 0 1
1 0 1 1 0 0 1 1 0
1 1 0 1 0 0 0 0 1
1 1 1 1 0 0 1 1 0

CNF: (1) DNF of —F:
(-PA=QA-R)V(-PA-QAR)V(PAN=-QAN-R)V(PANQA-R)

(2) negate:
(PVQVR)A(PVQV-R)A(=PVQVR)A(=PV-QVR)



Signed resolution: Propositional logic

Translation to signed clause form.

DNF(W):= \/  F*A---AF)F



Example

Compute CNF for {0}:(F1 — Fp):

= |0 | 3|1

o [[1]1]1 DNFfor {3, 1}:(Fi = FR): \/ {vulFAA{w}F
% % 1 |1 v €{0.3.1}

1 0 % 1 vi = v #0

(FOAFD) v (AR v (FARD
(FFAF) v (AR v (R AFD
(Fll/\FQ%) vV (FiAFY)

CNF for {0}:(F1 — F2):

{3.1}:AV{3.1}:R) A ({3.11:AV{0,1}:R) A ({3.1}:F V{0 1}:R)
({0,1}:A V{3, 1}:FR) A ({0,1}:F Vv {0,1}:R) A ({0,1}:F1 V{0, 3}:F>)
({0, 3}:Fv{0,1}:F2) A ({0,5}:F V{0, 5}:F})



Example

- Compute CNF for {0}:(F1 — Fp):
=0 ]|L]1
o Nil1l1 DNFfor {1, 1}:(Fr = R2): \/ {v}:FAA{w}F
% % 1 1 V1,V2€{07%71}
1 0 1 1 vi = v #0
: 0 {0,411} : {0,411} 1 {1
= (F{ NF, )V (F? AF, )V (Ff ANF,

0 3 1 {31}
= Fl\/Fl\/(Fl/\F2 )
CNF for {O}Z(Fl — FQ):

{3.1}:F A {0,1}:F A ({0, 2}1:F1 vV {0}:F)
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Optimization

DNF(W) :=\/ {vi}:Fi A A{va_1}:Fom1i A{va | fu(va, - ., vn) € S}:Fp

V1,eoos Vh_1EM

CNF(W) := N\ (M\{vi}):F1 V-V (M\{va_1}):Fo_1 V {va | (w1
V1yeees Vp—1EM

(negate DNF(M\S:f(Fy, ..., Fr)))
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Soundness

Signed resolution (propositional form)

pPavC  P2vD

CvD
if vi #w

Signed factoring (propositional form)

CVPYVP
CvVvPY
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Soundness

Theorem. The signed resolution inference rule is sound.

Proof (propositional case)
Let A be a valuation such that A = P11V C and A = P2V D.

Case 1: A= P“1. Then A(P) = v1, hence A(P) # v». Therefore, A = D.
Hence, A = CV D.

Case 2: A= P1. Then A = C.
Hence also in this case A = CV D.

Soundness of signed factoring is obvious.

13



Completeness: Propositional Logic

Encoding into first-order logic with equality
Signed resolution

P~wvVvC_C P~wVD
(CV D)

if vi = w

Signed factoring
CVP=vVP=v

C

Idea: Signed resolution can be simulated by a version of resolution which
handles equality efficiently (superposition). Completeness then follows from
the completeness of this refinement of resolution.

This also guarantees completeness of refinements of signed resolution with

ordering and selection functions

14



Compact form of signed resolution

Propositional logic
Signs: sets of truth values

Resolution
Si:PVv C S>:Pv D
(5:NS):PVCVD
Simplificaton
cCvip:P
C

if S NS, =10

Merging
S1:PV S5:PVv C
(51 U 52):P vV C
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First-order logic

Translation to clause form:
need to take into account also the truth tables of the quantifiers.

S 1 QxF(x)

DNF: \/ gvcm (Vx Vi F(x) AA,cy Ix {a}: F(x))
Qm(V)eS

CNF: computed by negating the DNF for M\S : VxF(x)

CNF: A gvem (BX(MAV) - F(x) V V, oy VX(M\{a}) : F(x))
Qm(V)e(M\S)

— leave out quantifiers (Skolem functions for existential quantifier)
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Example

In L3, with truth values M = {0, u, 1}:
{1, u}vx p(x)

= N pvem (EX(MAV) : F(x) V V(01 Vx(M\{a}) : F(x))
min(V)e{0}

= (3x{L u}:p(x) V Vx(M\{0}):p(x))A V = {0}
(Ix{u}:p(x) VVx{L, u}:p(x) VvV Vx{0, u}:p(x))A vV ={0,1}
(Ix{1}:p(x) VVx{1, u}:p(x) V Vx{0, 1}:p(x))A V ={0, u}

Vx{1,u}:p(x) VVx{0,1} : p(x) VVx{0, u} : p(x)) V=M

17



Structure-preserving translation

In order to avoid rapid growth of the number of clauses, a structure-

preserving translation to clause form is used.

ldea
S5:F[G(X)] = 5:F[Pcu)(X)] A NAsem Vx({a}G(x) <> {a} : Pgx) (X))

where Pg(,) new predicate symbol.

S:F[f(Fl ..... FnZ]

G
= S: FIPG] A Asep Vx(DNF({a} : £(F1,..., Fa) <> {a} : Pg)

18



Resolution for first-order clauses

Natural generalization of the resolution rule:

Signed resolution

LvC  LP?VD

(CV D)o
if vi # v», and 0 = mgu(Ly, Lo)
Signed factoring
CvLyVvL
(CV LY)o

if 0 = mgu(Lq, L)
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Regular logics

Many-valued logics for which an order < exists on the sets of truth values
and for which signed CNF’'s can be found which contain as signs only the

sets
ti={jeM|j>itand li={jeM]|j<i}

20



Regular logics

Many-valued logics for which an order < exists on the sets of truth values
and for which signed CNF’'s can be found which contain as signs only the

sets
ti={jeM|j>itand li={jeM]|j<i}
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Example

tukasiewicz logics L,

2

e Set of truth values M = {0, -2

n—1’
e logical operations: V, A, 7, =

° an = max

* Ny = min

® T} X= 1—x

e x=4 y=min(l,1-x+y)

e First-order version: Q = {V, 3}

h_1rc

1}
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tukasiewicz logics

t ukasiewicz implication x =} y = min(1,1 — x + y)

L
n—2

= 0 1—s
0 1 1

1 n—2

n—1 n—1 1

2 n—3

n—1 n—1 1

1 0 n—2

)
—



Example

i (FLAR) — (i F) A (i : )
i (FLV ) — (Ti: F)V(Ti:F)
ti:=F —l1-1i):F

ticFi=F = Vieyli AAN+i-1):F

Similar for i : F

signed CNFs can be obtained using the transformation rules above (and
possibly negation).
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Conclusions

e Finitely-valued logics: natural generalization of classical logic

e [ableau calculi
e Resolution
extend in a natural way

Similar results also for logics with infinitely many truth values?

25



Infinitely-Valued Logics

26



tukasiewicz logics

tukasiewicz logics
Lo,ne€N  W,={0 -1 2

1

Wy, = [0,1]NQ
Wy, = [0, 1]
Logical operations: V, A, =, =

e V = max

e A =min

o - x=1-—x

e x=y=min(l,1—x+y)

1)
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tukasiewicz logics

t ukasiewicz implication x =} y = min(1,1 — x + y)

L
n—2

= 0 1—s
0 1 1

1 n—2

n—1 n—1 1

2 n—3

n—1 n—1 1

1 0 n—2

)
—



tukasiewicz logics

Theorems.

1. Forn,meN, s.t. (m—1)[(n—1), we have
Tautologies(L,) C Tautologies(Lm)

2. Tautologies(Ly,) = Tautologies(Ly, )
3. Tautologies(Ly,) = [ { Tautologies(L,) | n > 2, n € N}

29



Proofs

Theorem. For n,m € N, s.t. (m—1)|(n—1), we have
Tautologies(L,) C Tautologies(Lm)

Proof
Assume (m — 1)|(n —1). Then Wy, C W,. Assume F € Tautologies(L).

Then F evaluates to 1 under every valuation into W,,, hence also under

every valuation into Wy,, so F € Tautologies(Ln)

30



Proofs

Theorem. For n,m € N, s.t. (m—1)|(n—1), we have
Tautologies(L,) C Tautologies(Lm)

Remark: the converse also holds

If Tautologies(L,) C Tautologies(Lm) then (m — 1)|(n — 1).

(This will be discussed in the next exercise session.)

31



Proofs

Theorem.
Tautologies(Ly,) = Tautologies(Ly, )

Proof.
" D" :Since [0,1] NQ C [0, 1], it is clear that
Tautologies(Ly, ) € Tautologies(Ly,)

32



Proofs

Theorem.
Tautologies(Ly,) = Tautologies(Ly, )

Proof.

" C " :Let F € Tautologies(Lx,). Then for every assignment of values in [0,1] N Q
to the propositional variables { Py, ..., P,} of F evaluates to 1.

We can associate a function fr : [0, 1]" — [0, 1] with F which is defined as follows:
For all (x1,...,x,) €[0,1]" let A: {P4,...,P,} — [0, 1] be defined by A(P;) = x;.
We define fe(xy, ..., x,) := A(F)

It can be proved by structural induction that f¢ is a continuous function.

Let (a1,...,an) € [0, 1]". It is now sufficient to choose sequences of rational numbers
converging to ai, ..., a, respectively. fe(ai, ..., ap) is the limit of the sequence

defined this way, hence its value is 1.
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Proofs

Tautologies(Ly,) = (){ Tautologies(Ln) | n > 2,n € N}

Proof.

" C" : Follows from the fact that W, C [0, 1] N Q for every n € N.

34



Proofs

Tautologies(Ly,) = (){ Tautologies(Ln) | n > 2,n € N}

Proof. " D"

Let F be a formula with prop. variables {P1, ..., P} s.t. F & Tautologies(Lx, ).
Then there exists A : {P1,...,Pc} — [0,1] N Q s.t. A(F) # 1.

Assume that A(P;) = 2—1, oL A(P) = Z—’;
Let m = lcm(p1, . .., pk). Then it is easy to see that A(P;) € Wp,41 forall1 < i < k.

We thus constructed a valuation A : {P1,..., Pk} — W, such that A(F) # 1.
Hence, F & Tautologies(L,), so

F & ﬂ{TautoIogies(En) | n>2,n e N}
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“Fuzzy” logics

W = [0, 1]

Question: How to define conjunction?

Answer: Desired conditions

f : [0,1]> — [0, 1] such that:
e f associative and commutative
o forall 0 <A< B<landall0< C<1wehave f(A C)<f(B,C)
o forall 0 < C <1 wehave f(C,1) =C.

Definition A function with the properties above is called a t-norm.

36



Examples of t-norms

Godel t-norm fc(x,y) = min(x, y)
Lukasiewicz t-norm  fi (x,y) = max(0,x +y — 1)
Product t-norm fp(x,y) =x-y

37



Left-continuous t-norm

Definition. A t-norm f is left-continuous if for every x,y € [0, 1] and
every sequence {xp}neny With 0 < x, < x and limp—00Xn = x we have

limn—>oof(Xnvy) — f(X’y)'

38



Left-continuous t-norm

Definition. A t-norm f is left-continuous if for every x,y € [0, 1] and
every sequence {xp}neny With 0 < x, < x and limp—00Xn = x we have

Iimn—>oof(Xnvy) — f(X’y)'

The following t-norms are left continuous:

Godel t-norm fe(x,y) = min(x, y)
Lukasiewicz t-norm  fi (x,y) = max(0,x +y — 1)
Product t-norm fp(x,y) =x-y
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Left continuous t-norms

With every left continuous t-norm f we can associate the following
operations:

o xory=f(x,y)
o x=>ry=max{z | f(x,z) <y}

o '+ x=x=r0

Remark: Left continuity ensures that max{z | f(x, z) < y} exists.

Validity: D = {1}

40



Left continuous t-norms

With every left continuous t-norm f we can associate the following
operations:

o xory=f(x,y)
o x=>ry=max{z | f(x,z) <y}

o ' x=x=¢0

tukasiewicz t-norm
xop y=max(0,x+y—1)
x@p y=1-max(0,1—-x—y)
x=fry=min(l,1 —x+y)

—x =min(1l,1 —x) =1—x

41



Left continuous t-norms

With every left continuous t-norm f we can associate the following
operations:

o xory=f(x,y)
o x=>ry=max{z | f(x,z) <y}

o ' x=x=¢0

tukasiewicz t-norm
xop y=max(0,x+y—1) XApy=xo0p (x=y)
x@py=1-max(0,1—x—y) xVpy=-—y4((mpx)AL (mpy))
x=ry=min(l,1 —x+y)

—x=min(1l,1 —x) =1—x
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Left continuous t-norms

With every left continuous t-norm f we can associate the following
operations:

e xory ="f(x,y)
e x®ry=1—f(1—x,1—y)
o x =>ry=max{z| f(x,z) <y}
o ' x=x=¢0

Godel t-norm

x og y = min(x, y)

x Dg y = max(x, y)

1 if x <
x=>cy=max{z | xNz<y}= =Y
y if x >y
1 if x=20
—cx =max{z | xANz=0)=
0 iifx>0

43



