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Translation for classical logic

IC = (S, R, 1) Kripke model

vali (L)(s)

valic (T)(s)

valx (P)(s) =1

valx (=F)(s) =1
valic (F1 AN F)(s) =1
valic(F1 V F2)(s) =1
val (OF)(s) =1
val (OF)(s) =1

rT T T

o

1

I(P)(s) =1

valx (F)(s) =0

vali (F1)(s) Avalic(F1)(s) =1
vali (F1)(s) Vvalic(F1)(s) =1
Vs'(R(s,s’) — valxc(F)(s’) = 1
3s’(R(s,s”) and valxc (F)(s’) = 1

for all s
for all s
for all s
for all s
for all s
for all s
for all s

for all s



Translation for classical logic

IC = (S, R, 1) Kripke model

vali- (L)(s)
vali (T )(s)

valic (P)(s) = 1

valic (=F)(s) = 1
Val}C(F]. AN F2)(S) =1
Va|K(F1 V F2)(S) =1
valic (OF)(s) = 1
valic (OF)(s) = 1

1ttt ze

Translation : P cTl

F formula

R acc.rel

0

1

I(P)(s) =1

vali- (F)(s) = 0

val- (F1)(s) A valic (F1)(s) = 1
valic (F1)(s) V valic (F1)(s) = 1
Vs’ (R(s, s’) — vaI,C(F)(s’) =1
3s’(R(s, s’) and vaI]C(F)(s’ =1

—  P/1 unary predicate
—  Pg/1 unary predicate
—  R/2 binary predicate

for all s
for all s
for all s
for all s
for all s
for all s
for all s

for all s



Translation for classical logic

IC = (S, R, 1) Kripke model

vali- (L)(s) = 0
vali (T )(s) = 1
valic (P)(s) = 1 > I(P)(s) =1
valic (=F)(s) = 1 > vali- (F)(s) = 0
valic (F1 A Fp)(s) =1 > val- (F1)(s) A valic (F1)(s) = 1
valic (F1 V Fo)(s) = 1 > valic (F1)(s) V valic (F1)(s) = 1
valic (BF)(s) =1 <« Vs'(R(s,s") — valic (F)(s') =1
valic (OF)(s) =1« 3s(R(s,s”) and valy (F)(s”) = 1
Translation:
P e — P/1 unary predicate Vs(P_ E(s)
F formula — Pg /1 unary predicate VS(PF]_/\F2 (s)
R acc.rel — R/2 binary predicate VS(PF1VF2 (s)
valic (P)(s) =1 — P(s)

valic (P)(s) = 0 +— —=P(s)

Vs(Pg p(s)
VS(POF(S)

1Tt 1?

for all s
for all s
for all s
for all s
for all s
for all s
for all s

for all s

—|PF(S))

PE, (s) A PE, (5))

Pr, (5) V PE, (s))
vs/(R(s,s’) — Pg(s’)))
35’ (R(s, s”) A PE(s)))



Translation for classical logic

IC = (S, R, 1) Kripke model

vali- (L)(s)
vali (T )(s)

valic (P)(s) = 1

valic (=F)(s) = 1
Val}C(F]. AN F2)(S) =1
Va|K(F1 V F2)(S) =1
valic (OF)(s) = 1
valic (OF)(s) = 1

Translation: Given F modal formula:

P el

F’ subformula of F

!

R acc.rel
valic (P)(s) = 1
vali- (P)(s) = 0

111
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0 for all s
1 for all s
I(P)(s) =1 for all s
vali- (F)(s) = 0 for all s
val- (F1)(s) A valic (F1)(s) = 1 for all s
valic (F1)(s) V valic (F1)(s) = 1 for all s

Vs (R(s,s”) — valc (F)(s”) = 1 for all s
3s’(R(s, s’) and vaI]C(F)(s’ =1 for all s

P/1 unary predicate VS(P_,,:I (s) < —Pgs (s))

PE /1 unary predicate VS(PFl AFy (s) < PFl (s) A PF2 (s))

R/2 binary predicate ‘v’s(Pl:l Vv Fy (s) < P,:1 (s) Vv P,:2 (s))

P(s) Vs(Pgpr(s) < Vs’ (R(s,s") = Pps(s)))
—P(s) Vs(Popr(s) < 3s'(R(s,s”") A Prs(s")))

where the index formulae range over all subfromulae of F.



Translation to classical logic

Translation: Given F modal formula:

P cn — P/1 unary predicate VS(P_|,:/ (s) < _'P,:/ (s))

F’ subformula of F +—» P,__, /1 unary predicate VS(PFlAFZ (s) < PFl (s) A PF2 (s))

R acc.rel — R/2 binary predicate ‘v’s(Pl:l Vv Fy (s) « P,:1 (s) V P,:2 (s))

valic (P)(s) =1 — P(s) Vs(Pqpr(s) < Vs (R(s,s”) — Prs(s")))
valic (P)(s) =0 — —P(s) Vs(Py pr(s) < 3s'(R(s,s") A Prs(s")))

where the index formulae range over all subformulae of F.

N

"

Rename(F)

Theorem.
F is K-satisfiable iff 3xPg(x) A Rename(F) is satisfiable in first-order logic.



Translation to classical logic

Example

To prove that F :=0O(P A Q) — OP A OQ is K-valid

The following are equivalent:
(1) F is valid
(2) =F :=0O(P A Q) A —~(OP AOQ)) is unsatisfiable

(3) IxP-fr(x) A Rename(—F) is unsatisfiable



Translation to classical logic

Example

The following are equivalent:
(2) =F :=0(P A Q) A —~(OP A OQ)) is unsatisfiable
(3) IxP-£r(x) A Rename(—F) is unsatisfiable

X Po(pAQ)A—-(0PATQ))X)

VX (PD(P/\Q)/\—|(E|P/\EI Q)(X) A PEI(P/\Q)(X) NP (oPAD Q)(X))
Vx  (Pompao@)®) < =Paopao@())

Vv x (Popano@(x) < Pop(x) A Pog(x)

Vx  (Pop(x) <> Vy(R(x,y) — P(y)))

Vx  (Pg(x) <> Vy(R(x,y) = Q(y)))

vx  (Popa@)(x) < Y¥(R(x,y) = Ppaq(¥)))

YV x (PP/\Q(X) > P(x) N Q(x))

10



Translation to classical logic

Example

The following are equivalent:
(2) =F :=0(P A Q) A —~(OP A OQ)) is unsatisfiable
(3) IxP-£r(x) A Rename(—F) is unsatisfiable

Prenex normal form

Ix

Pa(PAQ)A—=(oPATQ))X)
(Pa(PAQ)A—(OPAOQ)X) < PopaQ)(X) A Poopanq)(x)
(Po@mpAro@)®) < —~Paopanq())
(Popao@Q(x) < Pop(x) A Pog(x)
(Pop(x) = (R(x,y) = P(y)))

(R(x,y) = P(y)) = Pop(x))

(Po(x) = (R(x,y) — Q(¥)))

(R(x,y) = Q(y)) = Poqg(x))
(Po(pA@)(x) = (R(x,y) = PpAqQ(¥)))
(R(x.y) = PpAQW)) = Po(paqg)(X)
(PPAQ(x) < P(x) A Q(x))

11



Translation to classical logic

Example

The following are equivalent:
(2) =F :=0(P A Q) A —=(OP A OQ)) is unsatisfiable
(3) IxP_r(x) A Rename(—F) is unsatisfiable

Skolemization

Pa(PAQA—-(oPADQ))(C)
Vx (Pa(PAQ)A—(OPAOQ)X) < Po(pa@)(X) A Poapanq)x)
Vx (P—.(DP/\DQ)(X) A _'PEIP/\DQ(X))
YV x (Popan Q(X) > Pgp(x) A Pg Q(X))
VxVy  (Pgp(x) = (R(x,y) = P(y)))
VY x (R(x, f1(x) = P(f1(x))) — Pg P(X))
VxVy  (Po(x) = (R(x,y) = Q(y)))
Vx (R(x, f2(x)) = Q(f2(x))) = Pg (X))
VxVy  (Popa@)(x) = (R(xy) = PpAqQ(¥)))
YV x (R(x, f3(x)) — PP/\Q(f3(X))) — PEI(P/\Q)(X)
VY x (PP/\Q(X) — P(x) A Q(x))

CNF translation, Resolution Exploit polarity!!!

12



Another example

Task: Check if there exists a Kripke model such that F = &(Q — <¢ Q) holds at some
state in this Kripke model.

Pe(c)

Vx(Pr(x) <> Fy(R(x,y) A Po—oq(y)))

Vx(Po—oq(x) < (Q(x) = Poq(x)))

Vx(Poq(x) <> dy(R(x,y) A Q(y)))

13



Another example

Task: Check if there exists a Kripke model such that F = &(Q — <¢ Q) holds at some
state in this Kripke model.

Pr, Po— oq@, Pog: positive polarity!
Pr(c)

Vx(Pr(x)=3y(R(x,y) A Paoq(y)))

Vx((PQ—0@(x)=(Q(x) = Poq(x)))

Vx(Pog(x)=3y(R(x,¥) A Q(y)))

14



Another example

Task: Check if there exists a Kripke model such that F = &(Q — <¢ Q) holds at some
state in this Kripke model.

Prenex, Skolemization

Pe(c)

Vx(Pr(x)=(R(x, f(x)) A Pq0q(f(x))))

Vx(Po—o@(x)=(Q(x) = Pog(x))

Vx(Poo—(R(x, g(x)) A Q(g(x))))

15



Another example

Task: Check if there exists a Kripke model such that F = &(Q — ¢ Q) holds at some
state in this Kripke model.

CNF
Pe(c)

= Pr(x) V R(x, f(x))
“Pr(x) V Po—oq(f(x)))

~Pooq(x) V 2Q(x) V Pog(x)

~Poq(x) vV R(x, g(x))
~Poq(x) vV Q(g(x))))

16



Resolution

Resolution for General Clauses

General binary resolution Res:

CVA DV —-B

(CV D)o

CVAVEB
(CV Ao

if 0 = mgu(A, B)

if 0 = mgu(A, B)

[resolution]

[factorization]

17



Resolution for General Clauses

For inferences with more than one premise, we assume that the variables in
the premises are (bijectively) renamed such that they become different to

any variable in the other premises.
We do not formalize this. Which names one uses for variables is otherwise

irrelevant.

18



Ordered resolution with selection

A selection function is a mapping

S:C —~

Example of selection with selected literals indicated as

—-A

vV -AV B

X [

—-By

\%

- By

set of occurrences of negative literals in C

VA

Let > be a total and well-founded ordering on ground atoms. Then > can be extended
to a total and well-founded ordering on ground literals and clauses

A literal L (possibly with variables) is called [strictly] maximal in a clause C if and
only if there exists a ground substitution o such that for all L’ in C: Lo = L'c

[Lo = L'o].

19



Resolution Calculus ResZ

Let > be an atom ordering and S a selection function.

CVA BV D
(CV D)o

[ordered resolution with selection]

if 0 = mgu(A, B) and
(i) Ao strictly maximal wrt. Co;
(ii)) nothing is selected in C by S;

(iii) either —B is selected,
or else nothing is selected in =B V D and —Bo is maximal in Do.

20



Resolution Calculus ResZ

CVAVEB
(CV Ao

if 0 = mgu(A, B) and Ao is maximal in Co and nothing is selected in C.

[ordered factoring]

21



Soundness and Refutational Completeness

Theorem:
Let > be an atom ordering and S a selection function such that
Resg (N) C N. Then

NElsLeN

22



Ordered resolution for modal logics

It has been proved that ordered resolution (possibly with selection) can be
used as a decision procedure for the propositional modal logic K and also

for many extensions of K.

Goal: Define ordering/selection function such that few inferences can take
place, and such that the size of terms/length of clauses cannot grow in the

resolvents.

23



Decidability of modal logics

24



Decidability of modal logics

e Direct approach: Prove finite model property

If a formula F is satisfiable then it has a model with at least f(size(F))

elements, where f is a concrete function.

Generate all models with 1,2,3,..., f(size(F)) elements.

25



Decidability of modal logics

e Direct approach: Prove finite model property

If a formula F is satisfiable then it has a model with at least f(size(F))

elements, where f is a concrete function.

Generate all models with 1,2,3,..., f(size(F)) elements.

e Alternative approaches:
— Show that terminating sound and complete tableau calculi exist

— Show that ordered resolution (4 additional refinements) terminates
on the type of first-order formulae which are generated starting

from a modal formula.

26



Decidability

Direct approach

Idea:
We show that if a formula A has n subformulae, then
Fx A iff, Ais valid in all frames having at most 2" elements.

or alternatively, that the following are equivalent:

(1) There exists a Kripke structure K = (S5, R, /) and s € S such that
(KC, s) E= A.

(2) There exists a Kripke structure K’ = (S’,R’,I’) and s’ € §’ s.t.:
o (K',s")EA

e S’ consists of at most 2" states.

27



Decidability

ldea:

We show that if a formula A has n subformulae, then
Fx A iff A is valid in all frames having at most 2" elements.

or alternatively, that the following are equivalent:

(1) There exists a Kripke structure K = (5, R, 1) and s € S such that
(IC,s) = A.

(2) There exists a Kripke structure K’ = (S/, R’,I’) and s’ € S’ such
that:

o (K/'s")EA

e S’/ consists of at most 2" states.

Goal: Construct the finite Kripke structure K’ starting from K.

28



Decidability

Filtrations

Fix a model K = (S5, R, /) and a set [ C Fmay that is closed under
subformulae, i.e. B € I implies Subformulae(B) C T.

For each s € S, define
s ={Bel|(K,s) =B}

and put s ~p t iff [ ¢ = I,

29



Decidability

Filtrations

Fix a model K = (S5, R, /) and a set [ C Fmay that is closed under
subformulae, i.e. B € I implies Subformulae(B) C T.

For each s € S, define
s ={Bel|(K,s) =B}

and put s ~p t iff [ ¢ = I,

Thens~rt iff forall BeT, (K, s) & Biff (K, t) = B.

Fact: ~r is an equivalence relation on S.

30



Decidability

Let [s] = {t|s ~r t} be the ~r-equivalence class of s.

Let Sy := {[s] | s € S} be the set of all such equivalence classes.

Lemma. If I is finite, then Sr is finite and has at most 2” elements, where

n is the number of elements of .

Proof. Let f : Sf — P(I') be defined by f([s])=Is={Berl | (K,s) = B}.
Since [s] = [t] iff s ~r t iff [ =T, f is well-defined and one-to-one.
Hence S has no more elements than there are subsets of .

But if [ has n elements, then it has 2" subsets, so S has at most 2"

elements.

31



Decidability

Goal: (KK,s)=A +— (K',s)=A K’ = (S R, I"), |S'|<2"

Step 1: Determine S’:
S’ := 5r, where ' = Subformulae(S)



Decidability

Goal: (KK,s)=A +— (K',s)=A K’ = (S R, I"), |S'|<2"

Step 1: Determine S’:
S’ := 5r, where ' = Subformulae(S)

Step 2: Determine /’:
Let M’ =M NT the set of all atomic formulae occurring in T.

Define I’ : TV x S’ — {0,1} by I’(P, [s]) = I(P, s)
Remark: I’ well defined (if s ~r t and P €T then I(P,s) = I(P, t)).

33



Decidability

Goal: (KK,s)=A +— (K',s)=A K’ = (S R, I"), |S'|<2"

Step 1: Determine S’:
S’ := 5r, where ' = Subformulae(S)

Step 2: Determine /’:
Let MY = M NT the set of all atomic formulae occurring in T.
Define I’ : TV x S’ — {0,1} by I’(P, [s]) = I(P, s)

Remark: I’ well defined (if s ~r t and P €T then I(P,s) = I(P, t)).

Step 3: Determine R’ C S’ x S’.
Define e.g. ([s], [t]) € R’ iff s’ € [s],Tt’ € [t]: (', ') € R

34



Decidability

Goal: (IC,s) = A +— (K’ ') l=A K’ = (S R, I"), |S'|<2"

Step 1: S’ := Sr, where ' = Subformulae(S)
Step2: I’ : (MNT) xS — {0,1} def. by I’(P,[s]) = I(P, s)
Step 3: R’ def. e.g. by: ([s],[t]) € R iff As’ € [s],3t’ € [t]: (s',t') € R

Remark: R’ has the following properties:
(F1) if (s, t) € R then ([s],[t]) € R’
(F2) if ([s], [t]) € R’ then for all B, if OB €T and (K,s) = OB, then (K, t) = B.

Proof: (F2) Assume ([s], [t]) € R’. Then (s’,t’) € R for s’ € [s], t’ € [t].
Hence if (K,s) = OB then (K,s’) = 0B, so (K,t") = B, i.e. (K, t) & B.

35



Decidability

Goal: (K,s) = A — (K’ s')=A K = (S, R, I"), |S'|<2"

Step 1: S’ := Sr, where ' = Subformulae(S)
Step2: I" =1 :(NNT) xS’ — {0,1} def. by Ir(P,[s]) = I(P,s)
Step 3: R’ = {([s].[t]) | 3s" ~r s5,3t" ~r ts.t. (s",t') € R}

Remark: R’ has the following properties:
(F1) if (s, t) € R then ([s], [t]) € R’
(F2) if ([s], [t]) € R’ then for all B, if OB €T and (K,s) | OB, then (K, t) &= B.

Any Kripke structure K’ = (Sr, R’, Ir) in which R’ satisfies (FI) and (F2) is called a
[-filtration of K.

36



Decidability

Examples of filtrations

e [ he smallest filtration.
([s]. [t]) € R” iff 3s’ ~r 5,3’ ~r t(s’,t') € R.

e The largest filtration.
([s]. [t]) € R iff for all B,OB €T, (K,s) &= OB implies (IC, t) = B.

e [ he transitive filtration.
([s], [t]) € R’ iff for all B,OB €T, (IC,s) = OB implies (K, t) = OB A B.

When defining I’ we can choose also the second or third definition of R’.

37



Decidability

Filtration Lemma.

Let [ be a set of modal formulae closed under subformulae.

Let = (S, R, /) be a Kripke structure and let X’ = (Sr, R/, Ir) be a
[-filtration of IC.

If B €T, then for any s € S,

(K,s) =B iff (K [s])E B

Proof. The case B = P € N NT is given by the definition of I’
The inductive case for the connectives {A, V, =} is straightforward.
The inductive case for O uses (FI) and (F2).

Note that the closure of I under subformulae is needed in order to be able

to apply the induction hypothesis.

38



Decidability

Theorem. Let A be a formula with n subformulae.
Then i A iff A is valid in all frames having at most 2" elements.

Proof. Suppose t/x A. Then there is a model = (S5, R, /) and a state
s € § at which A is false. Let [ = Subformulae(A).

Then I is closed under subformulae, so we can construct [-filtrations
K’ = (S5r, R’, Ir) as above. By the Filtration Lemma, A is false at [s] in
any such model, and hence not valid in the frame (Sr, R’).

We previously showed that the desired bound on the size of Sf is 2".

39



Decidability

A logic L characterized by a set F of frames™® has the finite frame property
if it is determined by its finite frames, i.e.,

if /- A, then there is a finite frame F € F sit. F £ A

We showed that the smallest normal logic K has the finite frame property,
and a computable bound was given on the size of the invalidating frame for
a given non-theorem.

* We can choose F to be the class of all frames in which all theorems of £ are valid.

40



Decidability

This implies that the property of K-theoremhood is decidable, i.e.

that there is an algorithm for determining, for each formula A, whether or
not Fx A:

If A has n subformulae, we simply check to see whether or not A is valid in
all frames of size at most 2".

e Since a finite set has finitely many binary relations (2™ relations on

an m-element set), there are only finitely many frames of size at most
21,

e Moreover, to determine whether A is valid on a finite frame F, we
need only look at models / : [1 N Subformulag(A) — {0,1} on F.

But there are only finitely many such models on F. Thus the whole

checking procedure for validity of A in frames of size at most 2" can be
completed in a finite amount of time.

41



Other modal systems

System  Description

T K+ 0OA— A

D K+ 0A — OA

B T+ -A— 0O-0A

S4 T +0A — OOA

S5 T+ -0A — O-0A

54.2 54+ o0A — OCA

54.3 S4+ 0(0(A— B))vo(@OB — A))
C K + =225 instead of (G).

O(A—B)

42



Other modal systems

We say that £ (with characterizing class of frames F has the strong finite
frame property if there is a computable function g such that

if /.2 A, then there is a finite frame F € F that

- invalidates A and

- has at most g(n) elements, where n is the number of subformulae of A.

In adapting the above decidability argument to £, in addition to deciding
whether or not a given finite frame F validates A, we also have to decide
whether or not F € F.

If £ is finitely axiomatisable, meaning that £ = KS,...5, for some finite
number of schemata, then F is the class of all frames in which the axioms
schemata S1,..., S, hold.

Then the property "F € F" is decidable: it suffices to determine whether
each S; is valid in F.

43



Other modal systems

We say that £ (with characterizing class of frames F has the strong finite
frame property if there is a computable function g such that
if /.2 A, then there is a finite frame F € F that

- invalidates A and
- has at most g(n) elements, where n is the number of subformulae of A.

Theorem. Every finitely axiomatisable propositional modal logic with the
strong finite frame property is decidable.

44



Other modal systems

We say that £ (with characterizing class of frames F has the strong finite
frame property if there is a computable function g such that

if /.2 A, then there is a finite frame F € F that

- invalidates A and

- has at most g(n) elements, where n is the number of subformulae of A.

Theorem. Every finitely axiomatisable logic with the strong finite frame
property is decidable.

In fact it can be shown that any finitely axiomatisable logic with the finite
frame property is decidable.

45



Other modal systems

Remark: For many of the logics we have considered thus far, validity of S; is equivalent
to some first-order property of R, which can be algorithmically decided for finite F.

Examples
Axiom Property of R
OA — A reflexive
A— OCA symmetric

OA — OOA transitive

Consequence: The extension of K with each of the axioms above is decidable.

Proof It is sufficient to show that if [-filtrations are as defined in this lecture:
- for any reflexive frame its [-filtration is again reflexive
- for any symmetric frame its [-filtration is again symmetric

Transitivity is not always preserved by the minimal I-filtration of R (which was the
one we used when defining the finite model IC'); instead we can use the transitive
filtration.

46



Decidability of modal logics

e Direct approach: Prove finite model property

If a formula F is satisfiable then it has a model with at least f(size(F))

elements, where f is a concrete function.

Generate all models with 1,2,3,..., f(size(F)) elements.

e Alternative approaches:
— Show that terminating sound and complete tableau calculi exist

— Show that ordered resolution (4 additional refinements) terminates
on the type of first-order formulae which are generated starting

from a modal formula.

47



Decidability of modal logics

e Direct approach: Prove finite model property

If a formula F is satisfiable then it has a model with at least f(size(F))

elements, where f is a concrete function.

Generate all models with 1,2,3,..., f(size(F)) elements.

e Alternative approaches:
— Show that terminating sound and complete tableau calculi exist

— Show that ordered resolution (+ additional refinements) terminates
on the type of first-order formulae which are generated starting

from a modal formula.

48



Translation for classical logic

IC = (S, R, 1) Kripke model

vali- (L)(s) = 0
vali (T )(s) = 1
valic (P)(s) = 1 > I(P)(s) =1
valic (=F)(s) = 1 > vali- (F)(s) = 0
valic (F1 A Fp)(s) =1 > val- (F1)(s) A valic (F1)(s) = 1
valic (F1 V Fo)(s) = 1 > valic (F1)(s) V valic (F1)(s) = 1
valic (BF)(s) =1 <« Vs'(R(s,s") — valic (F)(s') =1
valic (OF)(s) =1« 3s(R(s,s”) and valy (F)(s”) = 1
Translation:
P e — P/1 unary predicate Vs(P_ E(s)
F formula — Pg /1 unary predicate VS(PF]_/\F2 (s)
R acc.rel — R/2 binary predicate VS(PF1VF2 (s)
valic (P)(s) = 1 +— P(s) vs(Pg £ (s)
valic (P)(s) = 0 +— —P(s) Vs(Pg g (s)

1Tt 1?

for all s
for all s
for all s
for all s
for all s
for all s
for all s

for all s

—|PF(S))

PE, (s) A PE, (5))

Pr, (5) V PE, (s))
vs/(R(s,s’) — Pg(s’)))
35’ (R(s, s”) A PE(s)))
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Translation for classical logic

IC = (S, R, 1) Kripke model

vali- (L)(s)
vali (T )(s)

valic (P)(s) = 1

valic (=F)(s) = 1
Val}C(F]. AN F2)(S) =1
Va|K(F1 V F2)(S) =1
valic (OF)(s) = 1
valic (OF)(s) = 1

Translation: Given F modal formula:

P el

F’ subformula of F

!

R acc.rel
valic (P)(s) = 1
vali- (P)(s) = 0

111

1ttt ze

0 for all s
1 for all s
I(P)(s) =1 for all s
vali- (F)(s) = 0 for all s
val- (F1)(s) A valic (F1)(s) = 1 for all s
valic (F1)(s) V valic (F1)(s) = 1 for all s

Vs (R(s,s”) — valc (F)(s”) = 1 for all s
3s’(R(s, s’) and vaI]C(F)(s’ =1 for all s

P/1 unary predicate VS(P_,,:I (s) < —Pgs (s))

PE /1 unary predicate VS(PFl AFy (s) < PFl (s) A PF2 (s))

R/2 binary predicate ‘v’s(Pl:l Vv Fy (s) < P,:1 (s) Vv P,:2 (s))

P(s) Vs(Pgpr(s) < Vs’ (R(s,s") = Pps(s)))
—P(s) Vs(Popr(s) < 3s'(R(s,s”") A Prs(s")))

where the index formulae range over all subfromulae of F.
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Translation to classical logic

Translation: Given F modal formula:

P cn — P/1 unary predicate VS(P_|,:/ (s) < _'P,:/ (s))

F’ subformula of F +—» P,__, /1 unary predicate VS(PFlAFZ (s) < PFl (s) A PF2 (s))

R acc.rel — R/2 binary predicate ‘v’s(Pl:l Vv Fy (s) « P,:1 (s) V P,:2 (s))

valic (P)(s) =1 — P(s) Vs(Pqpr(s) < Vs (R(s,s”) — Prs(s")))
valic (P)(s) =0 — —P(s) Vs(Py pr(s) < 3s'(R(s,s") A Prs(s")))

where the index formulae range over all subformulae of F.

N

"

Rename(F)

Theorem.
F is K-satisfiable iff 3xPg(x) A Rename(F) is satisfiable in first-order logic.
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We now analyze the FO formula obtained

Ix ~Pr(x)
Vs (P_fpr(s) < —Ppi(s))

Vs (Pr ARy () <> Pr (s) A Pry(s))

Vs (PrvRy(s) < Pr(s)V Pr,(s))

Vs (Paps(s) < Vs'(R(s,s") = Prs(s")))
Vs (Popr(s) < 3s'(R(s,s") A Ppr(s")))

index formulae range over all subformulae of F.

Ve
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We now analyze the FO formula obtained

Ix = Pr(x)

Vs (P_pr(s) < —Pgs(s))

Vs (P_fgr(s) — —Pgs(s))

Vs (PFI/\F2 (S) — PFl (S) A\ PF2 (S))

Vs (PFl/\F2 (S) — PFl (S) A\ PFZ (S))

Vs (PFI\/F2 (S) <— PFl (S) V PF2 (S))

Vs (PF1VF2 (S) — PFl (S) V PFZ (S))

Vs (Papr(s) < Vs'(R(s,s’) = Prr(s)))
Vs (Papr(s) — Vs'(R(s,s’) = Prr(s)))
Vs (Popr(s) < 3s'(R(s,s") A Prr(s")))
Vs (Popr(s) — 3s'(R(s,s") A Prr(s")))

index formulae range over all subformulae of F.

Ve

Rename(F)



We now analyze the FO formula obtained

dx

Vs
Vs

Vs
Vs

Vs
Vs

Vs
Vs

Vs
Vs

—Pr(x)
(P_ps(s) V Pgi(s))
(=P-Fr(s) vV —Pes(s))
(PFl/\FQ (5) Vv _'('DFl (5) A PF2 (5)))
(—|PF1/\/:2 (S) V P/:1 (S) A\ PFZ (S))
(PF1VF2 (5) \v _'('DFl (5) \v PF2 (5)))
(—|PF1\//:2 (S) V P/:1 (S) Vv PFZ (S))
(Papr(s) vV —=(Vs'(R(s,s") — Pgr(s"))))
(—=Pgpr(s) VvV Vs'(R(s,s") — Per(s)))
(Popr(s) vV =(3s"(R(s,s") A Per(s"))))
(=Pypr(s) vV 3s'(R(s,s") A Pgr(s")))

index formulae range over all subformulae of F.

Ve

Rename(F)
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We now analyze the FO formula obtained

Ix = Pr(x)

Vs (P_gr(s) V Pgr(s))

Vs (=P_frr(s) vV —=Pgs(s))

Vs (PFI/\F2 (S) V _'(PFl (S) N\ P/:2 (S)))

Vs (—|PF1/\/:2 (S) V P/:1 (S) A\ PFZ (S))

Vs (PFIVF2 (S) V _'(PFl (S) V P/:2 (S)))

Vs (—|PF1\//:2 (S) V P/:1 (S) Vv PFZ (S))

Vs (Papr(s) Vv 3s'=(R(s,s’) = Pri(s")))
Vs (—=Pgpr(s) VvV Vs'(R(s,s") — Per(s)))
Vs (Popr(s) VvV Vs'=(R(s,s’) A Per(s)))
Vs (=Pypr(s) vV 3s'(R(s,s") A Pgr(s")))

index formulae range over all subformulae of F.

\ . J/
Ve
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We now analyze the FO formula obtained

Ix = Pr(x)

Vs (P_gr(s) V Pgr(s))

Vs (=P_frr(s) vV —=Pgs(s))

Vs (PFl/\Fz(S) V _'(PFl (S) N\ PFQ(S)))
Vs (—lPF1/\F2(S) V (PFl (S) N\ PF2(S)))

Vs (PFIVF2 (S) V _'(PFl (S) V P/:2 (S)))
Vs (—|PF1\//:2 (S) V P/:1 (S) V PFZ (S))
Vs3s’ (Papr(s) vV —(R(s,s") — Per(s")))
VsVs’ (—=Pgrr(s) vV (R(s,s") = Pri(s")))
VsVs’ (Popr(s) vV —(R(s,s") A Per(s)))
Vs3s’ (=Pupr(s) vV (R(s,s") N Pri(s")))

index formulae range over all subformulae of F.

\ . 7
N

Rename(F)




Skolemization

Vs
Vs

Vs
Vs

Vs
Vs

Vs
VsVs’

VsVs’
Vs

—Pk(c)
(P_ps(s) V Pgi(s))
(=P-Fr(s) vV —Pgs(s))
(PFl/\FQ(S) Vv _'('DFl (5) A PFQ(S)))
(_'PFl/\FQ(S) Vv (PFl (5) A PFQ(S)))
(PF1VF2(5) Vv _'('DFl (5) Vv PFQ(S)))
(—lPF1\/F2(S) V PFl(S)\/PFZ(S))
(Parr(s) vV —(R(s, fi(s)) = Pes(fi(s))))
(—Papr(s) VvV (R(s,s") = Per(s")))
(Popr(s) vV =(R(s,s") A Per(s")))
(=Porr(s) vV (R(s, fi(s)) N Ppi(fi(s))))

index formulae range over all subformulae of F.

Ve

Rename(F)
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Translation to CNF

Vs
Vs

Vs
Vs

Vs
Vs

Vs
VsVs’

VsVs’
Vs

—Pk(c)
(P_ps(s) V Pgi(s))
(=P-Fr(s) vV —Pgs(s))
(PFI/\F2 (S) V —lPF1 (S) V —lPF2 (S))
(_'PFl/\FQ(S) Vv (PFl (5) A PFQ(S)))
(PF1VF2(5) Vv (_'PFl (5) A _'PFQ(S)))
(—|PF1\//:2 (S) V PFl (S) Vv PFZ (S))
(Porr(s) vV (R(s, fi(s)) A =Pgs(fi(s))))
(—=Pgrr(s) V —=R(s,s")V Pri(s"))
(Popr(s) vV =R(s,s") V =Pg(s")))
(=Porr(s) vV (R(s, fi(s)) N Ppi(fi(s))))

index formulae range over all subformulae of F.

Ve

Rename(F)
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Translation to CNF

—Pe(c)
Vs (P_gs(s)
Vs (=P_gs(s)
Vs (P/:l/\/:2 (S)
Vs (_‘PFl/\F2 (S)
Vs (—|PF1/\/:2 (S)
Vs (PF1VF2 (S)
Vs (PF1VF2 (S)
Vs (—|PF1\//:2 (S)
Vs (Parr (s)
Vs (Pgpr(s)
VsVs’ (—=P5gr(s)
VsVs’ (Pyrr(s)
Vs (~Por(s)
Vs (—|P<>,:/ (S)

index formulae range over all subformulae of F.

<< << <K<K KKK LKL

V

Per(s))

—Pgs(s))

—|P/:1 (S) V —lPF2 (S))
P, (s))

Pr,(s))

—Pr, (s))

—Pr,(s)))

P/:1 (S) V PFZ (S))
R(s, fi(s))
—Pes(fi(s))))
—R(s,s")V Pri(s"))
—R(s,s") V =P (5")))
R(s, fi(s))
Prr(fi(s))))

Ve

Rename(F)
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Ordered resolution as a decision procedure

Let ¥ = (Q, 1), where Q = {c1/0,..., cx/0, /1, ..., fi/1}, and

We define an ordering and a selection function as follows.
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Ordered resolution as a decision procedure

Ordering:
Given:

e > ordering which is total and well founded on ground terms and for all
terms u, t, if t occurs as a subterm in u then u > t.

e >p total order on the predicate symbols s.t. R >p p; for every I.

An ordering on literals (also denoted by >) is defined as follows.
Let ¢ be the complexity measure defined for every ground literal L by
c, = (max, pred;, p;) where:

e max; Is the maximal term occurring in L;

e pred,; is the predicate symbol occurring in L; and

e p; is 1 if L is negative and O if L is positive.

61



Ordered resolution as a decision procedure

Ordering: (ctd.)

Let ¢, = (maxg, pred;, p;) where:
e max; is the maximal term occurring in L;
e pred,; is the predicate symbol occurring in L; and

e p; is 1 if L is negative and O if L is positive.

The complexity measure ¢ induces a well-founded ordering >, on ground
literals, defined by L =, L’ if and only if ¢, > ¢;+ in the lexicographic
combination of >, >p, and > (where 1 > 0).

Let > be a total and well-founded extension of .
Example: Assume R >p P1 >p P> and d > ¢

L:| ~Pi(F(£(d))) = Pi(f(f(d))) = —Pa(f(f(d))) = R(c, f(d)) ==R(c, d)=R(c,c) becau
cL{(F(F(d)), Pr, 1)>(F(f(d)), Pr,0)>(f(£(d)). P2, 1)>(f(d), R,0)>(d, R, 1) >(c, R, 0)

62



Ordered resolution as a decision procedure

Selection function:

Let S be the selection function that selects all occurrences of negative
literals starting with the predicate R.
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Ordered resolution as a decision procedure

Notation: If ¢, ¢, ..., tn, are terms, we use the following notations.
e Any clause clause of form (=)p;, (t) V ---V (—)p; (t) is of type P(t)

e Any clause clause of form C; V ---V C,, where C; is of type P(t;) is
of type P(t1,..., tn).
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Ordered resolution as a decision procedure

Notation: If t, t1,..., t, are terms, we use the following notations.
e Any clause clause of form (=)p;, (t) V ---V (—)p; (t) is of type P(t)
e Any clause clause of form C; V ---V C,, where C; is of type P(t;) is
of type P(t1, ..., tn).

Consider the following sets of clauses:

g all clauses of type P(c) where c is a constant.

V all clauses of type P(x) for some variable x.

V(f) clauses of type P(x, f(x)), for some variable x (where f/1 € Q).
R* all clauses of the form P(x) V R(x, f(x)) for some variable x.

R~ all clauses of the form P(x)V P(y) V =R(x, y) for some variables x, y.
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Translation to CNF

—Pe(c)
Vs (P_gs(s)
Vs (=P_gs(s)
Vs (P/:l/\/:2 (S)
Vs (_‘PFl/\F2 (S)
Vs (—|PF1/\/:2 (S)
Vs (PFIVF2 (S)
Vs (PFIVF2 (S)
Vs (—|PF1\//:2 (S)
Vs (Parr ()
Vs (Pgpr(s)
VsVs’ (—=P5gr(s)
VsVs’ (Pyrr(s)
Vs (<P s (s)
Vs (—|P<>,:/ (S)

index formulae range over all subformulae of F.

<< <K<K <K<K KKK KL

V

Per(s))

—Pes(s))

—|P/:1 (S) V —lPF2 (S))
Pk, (s))

Pr,(s))

= Pr, (s))

—Pr,(s)))

PFl (S) V PF2 (S))
R(s, fi(s))
—Per(fi(s))))
—R(s,s")V Pri(s"))
—R(s,s") V =P (5")))
R(s, fi(s))
Prr(1i(s))))

Ve

Rename(F)
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Ordered resolution as a decision procedure

To be proved:

(1) Theset GUV U V(Ff)URTUR™ is finite

(2) GUV is closed under Resg .

(3) GUVULJs V() is closed under Resz .

(4) GUVUUFV(f)URT is closed under Resg .

(5) GUVUUFV(F)URTUR™ is closed under Resg .
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Ordered resolution as a decision procedure

We assume that no literals occur several times (eager factoring)

Theorem The set GUV U, V(f)URT UR™ is finite

Proof: (1) P(c) contains at most 3/5ubformulae(F)[ clayses, so if there are m

constants then G contains at most m3|Subformulae(F)| 15 ses.

Similarly it can be checked that V contains (up to remaming of variables)
3|Subformu|ae(F) clauses.

All literals of clauses in P(x, f(x)) have argument x or f(x). We have
therefore 2|Subformulae(F)| literals, hence 32ISubformulae(F)| c|ayses.

The number of clauses in R is the same as the number of clauses in P(x).

The number of clauses in R~ is |P(x)]|?.
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Ordered resolution as a decision procedure

Theorem

(2) GUV is closed under Resg .

(3) GUVULUr V(f) is closed under Resg .

(4) GUVUJ;V(f)URT is closed under Resg .

(5) GUVUUFV(F)URTUR™ is closed under Resg .

Proof.

(2) The resolvent of two clauses in G is in G; the resolvent of two clauses in V is in
V: The resolvent of a clause in G and onein Visin G.

(3) No inference is possible between clauses in G and clauses in V(f). The resolvent
of a clause in V and one in V(f) isin V or in V(f).

The resolvent of two clauses in V(f) is in V or V(f). No inference is possible between
clauses in V(f) and V(g) if f # g (atoms in maximal literals not unifiable)
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Ordered resolution as a decision procedure

Theorem

(2) GUV is closed under Resg .

(3) GUVULUr V(f) is closed under Resg .

(4) GUVUJ;V(f)URT is closed under Resg .

(5) GUVUUFV(F)URTUR™ is closed under Resg .
Proof.

(4) No inferences are possible between two clauses in R" (in every clause the maximal
literal is a positive R-literal and nothing is selected). No inferences are possible
between a clause in R™ and a clause in G U V U |, V(f).

(5) The resolvent of a clause in R™ and one in R~ is a clause in V U |J, V(f). No
inferences are possible between a clause in RT UR ™ and a clause in G U V U |J, V(f).
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Ordered resolution as a decision procedure

Theorem. ResZ checks satisfiability of sets of clauses in GUV U J; V(f) U
RTUTR™ in exponential time.

Proof (ldea)

Let N be a set of clauses which is a subset of GUV U J, V(F)URT UR™.
All clauses which can be derived from N using Res? are in GUV U
UsV(F)URTUR™.

The size of this set is exponential in the size of |Subformulae(F)|. This
means that at most an exponential number of inferences are needed to

generate all clauses in this set.
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Until now

Modal logic
Syntax
Semantics
Kripke models
global and local entailment; deduction theorem
Correspondence theory
First-order definability
Theorem proving in modal logics

Decidability

Now: Description logics

72



Description Logics

subfield of Knowledge Representation which is a subfield of Al.

e Description— comes from concept description (formal expression which
determines a set of individuals with common properties)

e Logics — comes from the fact that the semantics of concept description
can be defined using logic (a fragment of first-order logic)
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Why description logics?

Examples of concepts
teaching assistant, undergraduate, professor
Examples of properties

Every teaching assistant is either not an undergraduated or a professor.
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Why description logics?

Examples of concepts
teaching assistant, undergraduate, professor
Examples of properties

Every teaching assistant is either not an undergraduated or a professor.

Formal description in first-order logic
Unary predicates: Teaching-Assistant, Undergrad, Professor

Vx Teaching-Assistant(x) — —Undergrad(x) V Professor(x)
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Why description logics?

Examples of concepts
teaching assistant, undergraduate, professor
Examples of properties

Every teaching assistant is either not an undergraduated or a professor.

Formal description in first-order logic

Unary predicates: Teaching-Assistant,Undergrad, Professor
Vx Teaching-Assistant(x) — —Undergrad(x) V Professor(x)
More concise description

Concept names: Teaching-Assistant, Undergrad, Professor

Teaching-Assistant [ —Undergrad Ll Professor
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Why description logics?

If predicate logic is directly used without some kind of restriction, then
e the structure of the knowledge/information is lost;

e the expressive power is too high for having good computational
properties and efficient procedures.
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Example

Teaching-Assistant [ —Undergrad LI/ Professor

Vx Teaching-Assistant(x) — —Undergrad(x) V Professor(x)

A necessary condition in order to be a teaching assistant is to be either not

undergraduated or a professor.
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Example

Teaching-Assistant [ —Undergrad LI/ Professor

Vx Teaching-Assistant(x) — —Undergrad(x) V Professor(x)

A necessary condition in order to be a teaching assistant is to be either not
undergraduated or a professor.

When the left-hand side is an atomic concept, the “L." symbol introduces a primitive

definition — giving only necessary conditions.

Teaching-Assistant = —Undergrad LI Professor

Vx Teaching-Assistant(x) <> —Undergrad(x) V Professor(x)

The “=" symbol introduces a real definition — with necessary and sufficient conditions.

In general, we can have complex concept expressions at the left-hand side as well.
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The description logic ALC: Syntax

Concepts: e primitive concepts N
e complex concepts (built using constructors —, 11, LI, AR, VR, T, 1)
Roles: Nr
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The description logic ALC: Syntax

Concepts: e primitive concepts N¢
e complex concepts (built using constructors —, 11, LI, AR, VR, T, 1)
Roles: Nr

Concepts:
C:= T
1L
A primitive concept
Ci NG
G U G
-C
VR.C
dR.C
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The description logic ALC: Semantics

Interpretations: 7 = (A%, -1) e Cc Ncw— CtCA?
e Rc Np — REC AL x AL

We can also interpret “individuals” (as elements of A7).
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The description logic ALC

Syntax Semantics Name
A AL C AT primitive concept
R RL C AL x AL primitive role
T AL top
1 0 bottom
-C AL\ C* complement
cnbD CLn Dt conjunction
CubD ctuD?t disjunction
VR.C | {x|Vy RZ(x,y)—y € C%} | universal quantification
(universal role restriction)
JR.C | {x | 3dy RI(X, y) Ny € CI} existential quantification
(existential role restriction)
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The description logic ALC: Semantics

e Conjunction is interpreted as intersection of sets of individuals.

e Disjunction is interpreted as union of sets of individuals.

e Negation is interpreted as complement of sets of individuals.

For every interpretation Z:
o (-(Cn D)) =(-Cu-D)*
o (-(CuD)) =(-Cn-D)*
o (-(VR.C))t = (3R.-C)*
o (-(3IR.C))! = (VR.-C)*

84



