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Post Correspondence Problem

Definition

A correspondence system (CS) P is a finite rule set over an alphabet Σ.

P = {(p1, q1), . . . , (pn, qn)} with pi , qi ∈ Σ∗

An index sequence I = i1 . . . im of P is a sequence with 1 ≤ ik ≤ n for all k.

For every index sequence I we denote pI = pi1 . . . pim and qI = qi1 . . . qim .

A partial solution is an index set I such that

pI is a prefix of qI or qI is an prefix of pI .

A solution is an index set I such that pI = qI .

A (partial) solution with given start is a (partial) solution in which the first

index i1 is given.

The Post correspondence problem (PCP) is the question whether a given

correspondence system P has a solution.
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Post Correspondence Problem

Theorem. Assume |Σ| ≥ 2.

(1) The Post Correspondence Problem with given start is undecidable.

(2) The Post Correspondence Problem is undecidable.
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Post Correspondence Problem
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Today

Applications

Undecidabile problems in formal languages
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Undecidabile problems in formal languages

Theorem It is undecidable whether a context free grammar is ambiguous.

Proof. Assume that the problem is decidable. Construct algorithm for solving the PCP.

Let T = {(u1, v1), . . . , (un, vn)} a CS over Σ1; Σ′ = Σ1 ∪ {a1, . . . , an}.

LT ,1 = {aim . . . ai1ui1 . . . uim |m≥1, 1≤ij≤n} generated by c.f. grammar GT ,1.

GT ,1 = ({S1}, Σ
′,R1, S1), R1 = {S1 → aiS1ui | 1 ≤ i ≤ n} ∪ {S1 → aiui}

LT ,2 = {aim . . . ai1vi1 . . . vim |m≥1, 1≤ij≤n} generated by c.f. grammar GT ,2.

GT ,2 = ({S2}, Σ
′,R2, S2), R2 = {S2 → aiS2vi | 1 ≤ i ≤ n} ∪ {S2 → aivi}

GT ,1,GT ,2 are unambigous.

Let GT = ({S, S1, S2}, Σ
′,R1 ∪ R2 ∪ {S → S1, S → S2}, S).

T has a solution iff

E

w ∈ LT ,1 ∩ LT ,2

iff

E

w ∈ L(G) with two different derivations iff GT ambiguous.
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Undecidable problems in formal languages

Theorem It is undecidable whether the intersection of two

• deterministic context-free languages (DCFL)

• non-ambiguous context-free languages

• context-free languages

is empty.

Proof. Assume that one of the problems is decidable.

Let T = {(u1, v1), . . . , (un, vn)} a CS over Σ; Σ′ = Σ ∪ {a1, . . . , an}, c 6∈ Σ′.

L1 = {wcwR | w ∈ (Σ′)∗}: non-ambiguous, deterministic.

L2 = {ui1 . . . uim aim . . . ai1caj1 . . . ajl v
R
jl
. . . vR

j1
| m, l ≥ 1, ik , jp ∈ {1, . . . , n}}

L2 non-ambigous, deterministic (see proof in the book by Erk and Priese)

T has a solution iff

E

k≥1

E

i1, . . ., ik : ui1 . . . uik = vi1 . . . vik
iff

E

k≥1

E

i1, . . ., ik : ui1 . . . uik aik . . . ai1 = (ai1 . . . aik v
R
i1
. . . vR

ik
)R

iff

E

x∈L2 such that x = wcwR iff

E

x ∈ L2 ∩ L1

If we can always decide whether L1 ∩ L2 = ∅ then PCP decidable!
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Undecidable problems in formal languages

Theorem It is undecidable whether for a context free language L ⊆ Σ∗

with |Σ| > 1 we have L = Σ∗.

Proof. Assume that is was decidable whether L = Σ∗. We show that then

it would be decidable whether L1 ∩ L2 = ∅ for DCFL.

Let L1, L2 DCFL languages over Σ. Then L1 ∩ L2 = ∅ iff L1 ∩ L2 = Σ∗ iff

L1 ∪ L2 = Σ∗.

Note that DCFL’s are closed under complement. Then L1, L2 ∈ L2, so

L1 ∪ L2 ∈ L2.

Then we could use the decision procedure to check whether L1 ∪ L2 = Σ∗,

i.e. to check whether L1 ∩ L2 = ∅. This is a contradiction, since we proved

that it is undecidable whether the intersection of two DCFLs is empty.
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Undecidable problems in formal languages

Theorem The following problems are undecidable for context-free lan-

guages L1, L2 and regular languages R over every alphabet Σ with at

least two elements.

(1) L1 = L2

(2) L2 ⊆ L1

(3) L1 = R

(4) R ⊆ L1

Proof: Let L1 be an arbitrary context-free language. Choose L2 = Σ∗

2 . Then

L2 is regular and:

• L1 = L2 iff L1 = Σ∗ (1 and 3)

• L2 ⊆ L1 iff L1 = Σ∗ (2 and 4)
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Undecidable problems for L2

decidable undecidable

w ∈ L(G) G ambiguous

L(G) = ∅ D1 ∩ D2 = ∅

L(G) finite L1 ∩ L2 = ∅ for non-ambiguous languages L1.L2

D1 = Σ∗ L1 = Σ∗ if |Σ| ≥ 2

L1 ⊆ R L1 = L2 if |Σ| ≥ 2

L1 ⊆ L2 if |Σ| ≥ 2

L1 = R if |Σ| ≥ 2

R ⊆ L1 if |Σ| ≥ 2

where L1, L2 are context-free languages; D1,D2 are DCFL languages

R is a regular language; G is a context-free grammar, w ∈ Σ∗.
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