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Primitive recursive functions

\_

Definition (Primitive recursive functions)

e Atomic functions: The functions
— Null 0
— Successor +1
— Projection wf (1< i< k)

are primitive recursive.

e Composition: The functions obtained by composition from primitive
recursive functions are primitive recursive.

e Primitive recursion: The functions obtained by primitive recursion

from primitive recursive functions are primitive recursive.

J

Notation: P = The set of all primitive recursive functions



Primitive recursive functions

(
Primitive recursion

If the functions
g:NF >N  (k>0)
h:Nk2 5 N

are primitive recursive,

then the function

f: Nt 5 Nwith  f(n,0) = g(n)
f(n,m+1) = h(n,m, f(n, m))

Is also primitive recursive.

\

Notation without arguments: f = PR|[g, h]



Arithmetical functions: definitions

f(n)=n+c
f(n) = n

f(n,m)=n+m
f(n,m)=n—1
f(n,m)=n—c
f(n,m)=n—m
f(n,m) = n*m

f(n,m)=nm



Re-ordering/Omitting /Repeating /Additional
arguments

-
Lemma The set of primitive recursive functions is closed under:

e Re-ordering
e Omitting
e Repeating

of arguments when composing functions.
.

-
Lemma. Assume f : N¥ = N is primitive recursive.
Then, for every | € N, the function f’ : N¥ x N' — N defined for every n € Nk
and every m € N/ by:

f'(n,m) = f(n)

Is primitive recursive.

\.




Case distinction/ Sums/Products

Lemma (Case distinction is primitive recursive)
If gi, hi (1 < i < r) are primitive recursive functions, and for every n there exists a
unique 7 with h;(n) = 0 then the following function f is primitive recursive:

( gi(n) if hiy(n) =0
f(n)=1< ...
gr(n) if hy(n) =0

IS primitive recursive.
\_

( N
Theorem. If g : N x N — N is a primitive recursive function then the following

functions f1, > : N x N — N are also primitive recursive:

0 ifm=20 1 if m=
ﬂ("’m)_{z,<mg(n,i)ifm>o fz("’m)_{ | i

\, J




Bounded ;. operator

r

- N1 3 N be a function.

The bounded u operator is defined as follows:

Definition. Let g

.

io if g(n, io) =0
and for all j < ip g(n,j) #0
0 if g(n,j) #0forall0 <j < m

orm=20

pi<m i (g(n, i) =0):= 1

\.

ti<m i (g(n, i) = 0) is the smallest i < m such that g(n,i) =0

~

Nk+1

Theorem. If g : — N is a primitive recursive function

F(n,m) = picm i (g(n, i) = 0)

then the function f : N*1 — N defined below is also primitive recursive.

10



Prime number functions

(Theorem: The following functions are primitive recursive: )

(1) The Boolean function | : N x N — {0, 1} defined by:

1 if n divides m
|(n, m) = _
0 otherwise

(2) The Boolean function prime : N — {0, 1} defined by:

1 if n prime

0 otherwise

prime(n) = {

(3) The function p : N — N defined by: p(n) = pp, the n-th prime number.

(4) The function D : N X N — N defined by: D(n, i) = k iff k is the power of
the i-th prime number in the prime number decomposition of n.

\_ D(n, i) = max({j | n mod p(iy = 0}) )




Prime number functions

Proof:
(1), (2), (3) last time.
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Prime number functions

Proof:

(4) D : N x N — N defined by: D(n, i) = k iff k is the power of the i-th
prime number in the prime number decomposition of n.

D(n, i) = max({j | n mod p(iy = 0})
D(0, i) := 0;
D(n, i) = min({j < n| [(p(iy*! n)=0})
D(n, i) = pj<n j (I(p(iY*h, n) = 0)

13
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Goal

Show that P = LOOP

ldea:

To show that P O LOOP we have to show that every LOOP computable
function can be expressed as a primitive recursive function.

For this, we will encode the contents of arbitrarily many registers in one
natural number (used as input for this primitive recursive function).

For this encoding we will use Goédelisation. We will need to show that
Godelisation is primitive recursive.

To show that P C LOOP we have to show that:
— all atomic primitive recursive functions are LOOP computable, and
— LOORP is closed under composition of functions and primitive recursion.

16



odelisation

To show: Godelisation is primitive recursive

rIm‘ormally:
e Coding number sequences as a number
e Corresponding decoding function (projection)

are primitive recursive
u

17



odelisation

To show: Godelisierung is primitive recursive

rInformally:
e Coding number sequences as a number
e Corresponding decoding function (projection)

are primitiv recursive
\

More precise formulation:

p
There exist primitive recursive functions

K':N"—- N (r>1)
D;:N—N (1<i<r)

with:

Di(K"(ny,...,n/)) = n;

18



Godelisation

To show: Godelisation is primitive recursive

rInformally:
e Coding number sequences as a number
e Corresponding decoding function (projection)

are primitive recursive
u

Recall:

Godelisation: Coding number sequences as a number
Bijection between N" and N: K" : N — N, defined by:

K'(ny,....n)=]]p()".
i=1

Decoding: The inverses D; : N — N of K" defined by D;(n) = D(n, i)

19



Godelisation

Bijection between N” and N: K" : N — N, defined by:
r
K'(n1,....n)=]]p()".
i=1

D;:N— N, 1</ <r, defined by D;(n) = D(n, i)

Theorem. K" and Dy, ..., D, are primitive recursive.

20



Godelisation

Bijection between N” and N: K" : N — N, defined by:
r
K'(n1,....n)=]]p()".
i=1

D;:N— N, 1</ <r, defined by D;(n) = D(n, i)

Theorem. K" and Dy, ..., D, are primitive recursive.

Lemma.
(1) Di(K"(n1,...,n/))=n; forall1<i<r.
(2) K'(n1,...,n,) =K (ny,...,n.,0)

In general, D;(K"(n1,...,n/)) =0if i > r.

21



Godelisation

Notation:
K'(ng,..., ne)
Di(n)
For r =
() =
()i =0

22



Godelisation: Applications

(Theorem (Simultaneous Recursion)

If
fl(n, O) — gl(n)
fr(n,0) = gr(n)
filn,m+1) = hiy(n,m, fi(n,m),..., fr(n, m))
fr(nnm+1) = h(n,m, f1(n,m),..., fr(n, m))
and if g1,..., gr, ht, ..., h, are primitive recursive
(chen fi,..., f, are primitive recursive.

23



Example

Let /i and f> be defined by simultaneous recursion as follows:

f1(0)
f2(0)

fl(n -+ 1)
fz(n -+ 1)

fa(n)
fi(n) + f(n)

24



Example

Let /i and f> be defined by simultaneous recursion as follows:

f1(0) = O g1 =20
fQ(O) = 1 82 — 1
fi(n+1) = H(n) h(n, fi(n), fa(n)) = fa(n) h = 73

fh(n+1) = fA(n)+ f(n) ha(n, A(n), fo(n)) = fi(n) + f(n) hr =+ o (Wg 7r§)
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Godelisation: Applications

(Theorem (Simultaneous Recursion)

If
fl(n, O) — gl(n)
fr(n,0) = gr(n)
filn,m+1) = hiy(n,m, fi(n,m),..., fr(n, m))
fr(nnm+1) = h(n,m, f1(n,m),..., fr(n, m))
and if g1,..., gr, ht, ..., h, are primitive recursive
(chen fi,..., f, are primitive recursive.
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Godelisation: Applications

Proof: We define a new function f by:

f(n,m) = (fi(n,m),..., fr(n, m))

f can be computed by primitive recursion as follows:

f(n,0) = (g1(n)...., &r(n))
fln,m+1) = (hi(n,m,(f(n,m)),..., (F(n,m)),), ...,
he(n,m, (f(n, m))1, ..., (f(n,m)),))
K"o(g1,.--, gr) and K" o (hy,..., h,) are primitive recursive.

Forall 1 < i <r, fi(n,m)= D;(f(n, m)).

Since f; = D; o f is primitive recursive, it follows that f; is primitive recursive
forall 1 </ <r.

27



Goal

Show that P = LOOP

ldea:

To show that P O LOOP we have to show that every LOOP computable
function can be expressed as a primitive recursive function.

For this, we will encode the contents of arbitrarily many registers in one
natural number (used as input for this primitive recursive function).

For this encoding we use Godelisation. We showed that Goédelisation is

primitive recursive.

To show that P C LOOP we have to show that:
— all atomic primitive recursive functions are LOOP computable, and
— LOORP is closed under composition of functions and primitive recursion.

28



P = LOOP

Theorem (P = LOOP). The set of all LOOP computable functions is
equal to the set of all primitive recursive functions

Proof (ldea)
1. P C LOOP

29



P = LOOP

Theorem (P = LOOP). The set of all LOOP computable functions is
equal to the set of all primitive recursive functions

Proof (ldea)
1. P C LOOP

la: We show that all atomic primitive recursive functions are LOOP
computable

1b: We show that LOOP is closed under composition of functions

1c: We show that LOOP is closed under primitive recursion

30



P = LOOP

Theorem (P = LOOP). The set of all LOOP computable functions is
equal to the set of all primitive recursive functions

Proof (ldea)
1. P C LOOP

la: All atomic primitive recursive functions are LOOP computable

0: X1 :=x1 — 1 //NOP
+1: Xo :=%x1 + 1

7. Xk4+1 - — Xj

31



P = LOOP

Proof (ctd) 1b: LOOP is closed under composition of functions
Let f : NK — N with f(n) = h(gi(n), ..., g/(n))
Assume that:
e P, computes h
e Pg computes g; (1<, <r)
Idea: f is computed by the program P :

!/ . ) !/ . /
Pl .. PP

where P differs from Pg (and P/ from Pp) only up to the fact that
registers have been renamed/the contents stored in them copied.

32



P = LOOP

Proof (ctd) 1b: LOOP is closed under composition of functions
Let f : NK — N with f(n) = h(g1(n), ..., gr(n)
Assume that:

e P, computes h

e Pg computes g; (1<, <r)

More precisely: Pé_l_: obtained from Pg by renaming register xx; to Xy +i.
— keep free registers xx1, ..., Xk, for writing result of Pg,, ..., Pg

r

P,g: obtained from P, by renaming x; to x,;.

. /7 . R . — -
Pr - Pg]_!Xk—|—1 1= Xktr41s Xktre1 =050

/ . R . — -

Pgrixk—l—r 1= Xktr+1; Xk+r+1 = 0;

. . : — 0 : .
Ph' Xk41 = Xktr41: Xk2 ‘= 05 ..o Xkqpp1 =0

33



P = LOOP

Proof (ctd) 1c: LOOP is closed under primitive recursion
Assume that f : N¥*1 — N is such that:
f(n,0) = g(n)
f(n,m—+1) = h(n, m, f(n, m))
Then f is computed by the following LOOP Program:

Xstorey, = Xk+1; // Number of loops (m)
Xxk11 = 0; //Actual value of m (at the beginning 0)
Pé; // Computes f(n, 0); result in xxi2
loop Xstore,, dO
Pp; // Computes f(n, xxy1 + 1) = h(n, m, f(n, m))
Xk+2 1= Xk+42+1; [/ Xky2 = f(n, xkq1 + 1)

Xk42+41 = 0;
Xp+1 = Xpg1 + 1
end;

Xstoreq -— 0

// m=m+1

34



P = LOOP

Proof (ctd) 1c: LOOP is closed under primitive recursion

Assume that f : N*t1 — N is such that:

f(n,0) = g(n)

f(n,m+1) = h(n, m, f(n, m))

Then f is computed by the following LOOP Program:

Xstoreyy -— Xk+1
Xk+1 = 0;
/.
Pg,
IOOp Xstorem dO
Ph;

Xk+2 = Xk4241;

Xk42+41 = 0;

Xk4+1 = Xkg1 + 1
end;

Xstorey, - — 0

// Number of loops (m)
//Actual value of m (at the beginning 0)
// Computes f(n, 0); result in xxo

where P differs from P, only in the fact that
some registers have been renamed
(e.g. output in xxi2, NOt in X 11)

35



P = LOOP

equal to the set of all primitive recursive functions

Theorem (P = LOOP). The set of all LOOP computable functions is

Proof (ldea)

2. LOOP C P
Let P be a LOOP program which:
® uses registers x1,...,X

e has m loop instructions

We construct a primitive recursive function fp which “simulates” P

fp(<n1,...,n/,h1,...,hm>):<n{,...,n;,h1,...,hm>

if and only if:

P started with n; in register x; terminates with n in x; (1 <7 </).

In h; it is “recorded” how long loop j should still run.

36



P = LOOP

Proof (ctd)

At the beginning and at the end of the simulation of P we have

Assume that we can construct a primitive recursive function fp which “simulates” P,

I.e. fp(<n1,. ..,n/,hl,. : .,hm>) = <n{,.. .,n,',hl,. : .,hm>
if and only if:
P started with n; in register x; terminates with n! in x; (1 < i </).

The function computed by the LOOP program P is then primitive recursive, since:

g(nl,...,n/):g(nl,...,nk,O,...,O):(fp(<n1,...,n,,O,O,...}))k+1

(the input in registers x1, . . ., xk, all other registers contain 0, output in register xx1

37



P = LOOP

Proof (ctd) Construction of fp:
2a: Pis x; :=x; + 1
fp(n) = <(n)1 ..... (n),-_l, (n),- + 1, (n),-+1, .. > = n=* p(i)

Pis x;:=x; — 1

fp(n) = <(n)1 ..... (n),-_l, (n),- — 1, (n),-+1, o o >

() D(n,i)=0
P n) —
n DIV p(i)  otherwise

38



P = LOOP

Proof (ctd) Construction of fp:

2a: Pis x; :=x; + 1

fo(n) = (M1, ...,

Pis x;:=x; — 1
fo(n) = (M1,

2b: P is Pl; P2

fp = fp, o fp,

(n)i—1,(n);i +1,(n)it1,..-)

(n)i—1,(n);i —1,(n)it1,.-)

i.e. fp(n) = fp,(fp,(n))

39



P = LOOP

Proof (ctd) Construction of fp:
2c: P is loop x; do P; end
Let fp, be the p.r. function which computes what P; computes.

Initialize the j-th loop:

f(n) = (M1, (Mn (Mg, - (M)ij—1, (M) (M i1 - - -)

Let the j-th loop run:

n if (n);+j =0

fo(n) =
2(n) fP1(f2(<""(n)’+f_1"">)) otherwise

Then:
fp(n) = f2(f1(n)) = (f2 0 f1)(n)

40



P = LOOP

Proof (ctd) Construction of fp:
2c: P is loop x; do P; end
Let fp, be the p.r. function which computes what P; computes.

Initialize the j-th loop:

fi(n) = (M1, (M1 (M1, (M1, (0)iy (M) 11, - )
fi(n) = nx p(l + j)"i, if (n);+j = 0 before the loop is executed
Let the j-th loop run:

if (n)/4+; =0

f(n) = . .
fp, ((n DIV p(/ +j)))  otherwise

Then:
fp pm f'2 O fl

41



P = LOOP

Proof (ctd) We show that f, is primitive recursive.
Let F : N X N — N be defined by:

F(n,0) =n

F(n,m+1) = fp, (F(n, m))

Then F € P.
It can be checked that fo(n) = F(n, D(n, | + j)). Therefore, f, € P.

Since fi, f are primitive recursive, so is fp = fr o f1.

42
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